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ABSTRACT. We prove that there exists a large-data and global-in-time weak
solution to a system of partial differential equations describing an unsteady
flow of an incompressible heat-conducting rate-type viscoelastic stress-diffusive
fluid filling up a mechanically and thermally isolated container of any dimen-
sion. To get around the notorious ill-posedness of the diffusive Oldroyd-B
model in 3D, we assume that the fluid admits a strengthened dissipation mech-
anism, at least for excessive elastic deformations. All the relevant material
coefficients are allowed to depend continuously on the temperature, whose
evolution is captured by a thermodynamically consistent equation. In fact,
the studied model is derived from scratch using only the balance equations
and thermodynamical laws. The only real simplification of the model, apart
from the incompressibility, homogeneity and isotropicity of the fluid, is that we
assume a linear relation between the temperature and the internal energy. The
concept of our weak solution is considerably general as the thermal evolution
of the system is governed only by the entropy inequality and the global conser-
vation of energy. Still, this is sufficient for the weak-strong compatibility of our
solution and we also specify additional conditions on the material coefficients
under which the balances of the total and internal energy hold locally.

1. INTRODUCTION

Mathematical formulation of the problem. Let Q C R? be an open bounded
domain with a Lipschitz boundary 92 and its outward unit normal vector denoted
by n. We also denote by @, := ¢ — (x-n)z the tangential part of the vector € R%.
Let (0,7T), T > 0, be an arbitrarily large time interval and set @ := (0,7) x Q. In
this work we develop an existence theory for the following initial-boundary value
problem in @Q, with arbitrarily large data f : Q — R%, vy : Q = R% By : Q —
ngxrg positive definite and 6y : Q@ — (0,00). Let a € R, @« > 0, p,¢, > 0 and
suppose that v, A,k : (0,00) — (0,00) are continuous functions. Furthermore, let
P :(0,00) x Rg;n‘f — ngxrff be continuous. The symmetric and antisymmetric part
of a gradient (Vu);; = d;u; of a function u : R? — R? are denoted by Du and Wu,
respectively, so that Vu = Du+Wu with (Du)? = Du and (Wu)? = —Wu. Then,
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the goal is to find functions v: Q — R%, p,f0,e,E.n:Q - R, B:Q — R‘Siyxrf
fulfilling the (physical) restrictions

0 >0, (1.1)
Bx -z >0 forall zec R\ {0}, (1.2)
e = ¢,0, (1.3)
E =1 +e, (1.4)
n=c,In0— p(trB —d—IndetB), (1.5)
¢ = 2”T@|Dv|2 + 1(0)|VIn6® + uP(6,B) - I-B~) + puA(0)|B~2 VBB~ = |2,
(1.6)
and solving (in some suitable sense) the system

dive =0, (1.7)
Ov + v - Vo — div(2v(6)Dv) + Vp = 2au div(6B) + f, (1.8)
0B+ v-VB+ P(0,B) — div(A(0)VB) = WoB — BWv + o(DvB + BDv), (1.9)
dre +v - Ve — div(k(0)V0) = 2v(0)|Dv|* 4 2au6B - Do, (1.10)

O E+v-VE —div(k(§)V0
: ((0)VO) (1.11)

= div(—(p + 2au0)v + 2v(0)(Dv)v + 2aubBv) + f - v,
on+v-Vn—div(k(0)VIno) + div(pA()V(trB —d — Indet B)) = ¢ (1.12)

in @ with the boundary conditions

v-n=0, (2v(0)(Dv)n + 2aubBn + av), =0, (1.13)
n-VB =0, (1.14)
n-Vvo=0 (1.15)
on (0,T) x 9Q and with the initial conditions
v(0) = vy, B(0) = By, 6(0) = 6o (1.16)

in Q.

The first two equations (1.7) and (1.8) form the incompressible Navier-Stokes sys-
tem for the unknowns v and p, however, with an additional forcing term 2au div(0B)
introducing two other unknowns 6 and B. Since the dependence of the material
parameters (namely the fluid’s viscosity) on the pressure p is neglected, we simplify
the analysis by eliminating the pressure from the system completely, taking the
Leray projection of (1.8) and searching for v in divergence-free function spaces. If
needed (for example if we want to preserve the equation (1.11)), the pressure can
be reconstructed at the last step. Then, it is known (cf. [10]) that the Navier-slip
boundary condition (1.13) allows us to prove that p is an integrable function if the
boundary of €2 is smooth enough.

The evolution of B is governed by (1.9), which is a generalized Johnson-Segalman
model (see [23]) with a stress diffusion (cf. [38] and references therein). If a # 0,
the analysis of the problem becomes difficult as it is unclear whether the terms of
the type BVwv are summable, using the known apriori estimates. This is essentially
the reason, why we formulate (1.9) with a general function P: the strategy is that
if P(-,B) grows sufficiently fast as |B| — oo, then B admits enough integrability to
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define the right hand side of (1.9). Moreover, as the form of P can be attributed
to the dissipation mechanism of the fluid, restrictions its asymptotic growth should
not be seen as a significant physical drawback of our model. One of the main
features of our analysis is that this way, we are able to treat (1.9) with any a € R.

Due to (1.3), the balance of internal energy (1.10) is also the temperature equa-
tion. Note the appearance of the term 2a;0B - Dv on the right hand side of (1.10).
In a sense, this is the most difficult term to control in the whole system (1.7)—(1.12)
and it is also the term which is sometimes omitted in some “naive” approaches to
thermoviscoelasticity that are pointed out in [22, Section 3]. The equations (1.11)
and (1.12) govern the evolution of two other unknowns E and 7, respectively. Since
these quantities together with 6 are mutually connected by simple algebraic re-
lations (1.3), (1.4) and (1.5), the equations (1.10)—(1.12) are interchangeable and
each of them alone can be used to model temperature evolution. To see this, note
that (1.5) and (1.6) imply

OE =wv - 0;v+ Oe (1.17)
o = c,0710,0 — u(1—-B~1) - 6B, (1.18)

where we used the classical identities for Fréchet derivatives
OptrB =1 and OpIndetB =B"". (1.19)

Using these, one can verify that (1.10)—(1.12) are equivalent.

On the level of generalized solutions, however, we may not be allowed a priori
to make the operations depicted by (1.17) and (1.18) due to insufficient regularity
of some terms in (1.10) or (1.11), and thus the relation between (1.10), (1.11) and
(1.12) becomes less clear. Based on the available! a priori estimates, it turns out
that in a certain sense, we have

“(1.10) = (1.11) = (1.12)”,

but not the other way around. For this reason, we choose to model the evolution of
temperature by (1.12) as it leads to the least restrictive assumptions on the material
coeflicients, while still providing a physically sound notion of generalized solution
that is consistent with the classical one, as we show below. Let us remark that
the idea of replacing the temperature equation/balance of internal energy/balance
of total energy by the balance of entropy is not new and it was applied (although
rather implicitly), e.g., in [16], [18] or [17] for different fluid models. See also [8]
for similar ideas in context of certain mixtures. Next, we must explain two more
nuances leading to the appropriate notion of generalized solution to (1.7)—(1.12).

First, we require that the balance of entropy (1.12) is satisfied only in the form
of the inequality

on+v-Vn—div(k(0)VIno) + div(uA(0)V(trB —d — Indet B)) > ¢ (1.20)

simply because we are unable to prove equality. This relaxation can be interpreted
in a way that the fluid might produce additional entropy through mechanisms that
are unseen in our model. Similarly, in those cases where it makes sense to consider
the balance of internal energy (1.10), we shall replace it by the inequality

Ore +v - Ve — div(k(0)VE) > 2v(0)|Dv|? 4 2au6B - D. (1.21)

IThose which we are able to prove.
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Second, any weak solution for which (1.20) holds, but (1.11) does not make
sense, might violate the conservation of total energy and thus become unphysical.
Fortunately, we are always able to prove at least that the global conservation of
total energy (in a rather strong form, see (1.25) below) and hence, this condition is
enforced in our notion of generalized solution.

Weak solution. Summarizing the above, we will call the tuple (v,B,0,¢e, E,n)
a weak solution of the system (1.1)-(1.9), (1.12)—(1.16) if the constraints (1.1)—
(1.7) are fulfilled almost everywhere in @, the relations

O +v - Vo —div(2v(§)Dv) + Vp = 2ap div(B) + f, (1.22)
9B +v - VB + P(0,B) — div(A\(§)VB) = WoB — BWov + a(DvB + BDv), (1.23)
on+v-Vn—div(k(0)VIno) + div(uA(0)V(trB — d — Indet B)) > &, (1.24)
d

a/QE_/Qf-u (1.25)

hold in a distributional sense with the boundary conditions (1.13)—(1.15) and with
initial conditions (1.16) satisfied in a limit sense. In Definition 1 below, we specify
precisely in which distributional sense we understand (1.22)—(1.25) and also we
state what regularity we expect from a solution.

All in all, even though we notably drifted away from the classical formulation of
the problem (1.7)—(1.12), we can still guarantee that our weak solution will fulfil the
basic physical principles such as the total energy conservation and the second law
of thermodynamics. Moreover, we have compatibility in the sense that if a weak
solution is smooth, then it is in fact a classical solution. Indeed, we can revert the
operation (1.18) to derive (1.21) from (1.24) and (1.23). On the other hand, we can
multiply (1.22) by v, integrate over € and subtract the result from (1.25), which
yields, after application of boundary conditions (1.13), (1.15) and (1.3) that

/ (Ore +v - Ve —div(k(0)V0)) = / (2v(0) Dv|? + 2aufB - Dv).
Q Q

Comparing this with (1.21), we deduce (1.10). Consequently, we also get (1.12),
(1.11) and thus all of the equations (1.7)—(1.12) are verified.
Our main result can be informally stated as follows.

Main result. Under certain restrictions on the asymptotic growth of material
coefficients, there exists a global-in-time weak solution of the system (1.1)—(1.9),
(1.12)~(1.16) for any initial datum with finite total energy and entropy.

For the precise formulation we refer to Theorem 1 below. There we also specify
additional restrictions that are sufficient for validity of (1.11) and (1.21).

State of the art. Regarding the existence analysis of a viscoelastic fluid model
including the full temperature evolution, there is an upcoming study [5]. There
the authors show global and large-data existence of a weak solution to a rate-type
incompressible viscoelastic fluid model with stress diffusion under the simplifying
assumption that B = bl. This assumption leads to annihilation of irregular terms
coming from the objective derivative and it also simplifies the momentum equation,
where the coupling to the rest of the system is realized only via temperature and
elastic stress dependent viscosity. Other than that, to the author’s best knowl-
edge, there is no existence theory in a setting that would be of similar generality
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as considered here. Thus, for the first time, we provide an existence analysis for
a viscoelastic fluid model with a full thermal evolution and taking into account all
components of the extra stress tensor. Moreover, the equation for the tempera-
ture we consider is derived from fundamental thermodynamical laws (similarly as
n [5], [22], [32]) and consequently, the heating originates from both the viscous
and elastic forces. Also, we would like to point out that we allow the most of the
material coefficients of the model to depend on temperature. Although we place
some restrictions on the growth of these coefficients, these are only asymptotic and
therefore unimportant from the point of view of physical applications. Furthermore,
the model considered here has the property that the evolution of the temperature
can not be decoupled from the rest of the model even in the case of constant material
coefficients.

Even if we confine to a much simpler class of isothermal viscoelastic models,
the existence theory there is far from being complete. Although there are several
relevant global-in-time existence results for large data, in most cases, they are re-
stricted in an essential way. For example, in [26] the authors provide an existence
theory for a model with the corrotational Jaumann-Zaremba derivative (the case
a = 0). This case is much easier than for the other choices of a since the corro-
tational part drops out upon multiplication by any matrix that commutes with B.
Moreover, it seems that the physically preferred case is a = 1, which corresponds
to the upper convected (Oldroyd) derivative (see [31], [34], [35], [40] or [41]). Then,
the follow-up of this work is [36], where the author claims to prove existence of
a weak solution to FENE-P, Giesekus and PTT viscoelastic models. However, in
these works it is only shown that certain defect measures of the non-linear terms are
compact. Furthermore, in the scalar case, that is if B = bl, we refer to [9] (and [6],
[28] in the compressible case) for an analysis of such models. In the two-dimensional
case, existence and regularity results can be found in [13]. An existence theory for
related viscoelastic models (Peterlin class) was developed, e.g., in [29]. However,
for these models, the energy storage mechanism depends only on the spherical part
of the extra stress, which is a major simplification compared to our case. A no-
table exception is the thesis [24], where the author obtains a global weak solution
to an Oldroyd-like diffusive model under certain growth assumptions on the ma-
terial coefficients. Furthermore, there are existence results for viscoelastic models
involving various approximations that improve properties of the system, see e.g. [2]
or [25]. Next, the article [4] contains the existence theory for viscoelastic diffusive
Oldroyd-B or Giesekus models. This result, however, relies on a certain physical
correction of the energy storage mechanism away from the stress-free state and thus
improving the a priori estimates of the system. Moreover, various modifications of
the classical Oldroyd-B model are discussed in [11]. There are also existence results
that are of local nature or for small (initial) data. Local-in-time existence of regular
solutions to a viscoelastic Oldroyd-B model without diffusion was shown in [21]. Tt
is also proved there that for small data there exists a global in time solution. For
the steady case of a generalized Oldroyd-B model with small and regular data, see

e.g. [1].
2. DERIVATION OF THE MODEL FROM PHYSICAL PRINCIPLES

In this section, we take a closer look at the physical interpretation of the system
(1.1)=(1.16). In fact, we show that this system can be obtained quite naturally just
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by specifying two scalar quantities representing the energy storage & dissipation
mechanisms of the fluid. For the origins of this approach, we refer to [40]. Based on
these ideas, there is plenty of literature dealing with the thermodynamical deriva-
tion of various viscoelastic models, see e.g. [14], [22], [32], [34], [35]. However, since
none of these studies can be directly applied to derive the model which we have in
mind, we briefly recreate the procedure here.

For the convenience of the reader, we review the meaning of all physical quantities
that appeared so far by making the following list:

v flow velocity,
pressure,

elastic stress tensor,
temperature,
internal energy,
total energy,
entropy,

rate of entropy production,

T s o o B

coefficient of shear modulus,

o
<

heat capacity,

objective derivative coeficient,
boundary friction coeficient,
kinematic viscosity,

thermal conductivity,

> x X R 2

stress diffusion coeficient,
I external body forces.

Next, we introduce some more quantities, which we then use to rewrite the system
(1.7)—(1.12) into a more compact and clearer form.

We remark that the constraint (1.7) is a consequence of the incompressibility of
the fluid and of the balance of mass. Moreover, since we assume that the fluid is
also homogeneous, the density of the fluid p is constant. We take advantage of this
by renormalizing all the other quantities so that p = 1 is not visible in the system
(1.8)—(1.12).

The first two terms in each equation (1.8)—(1.12) represent the material deriva-
tive, defined by

U =0+ v-Vu. (2.1)
Moreover, looking at the right hand side of (1.9), we recognize the terms that are
characteristic for the objective derivative, defined as

B =B — (WoB — BWv) — a(DvB + BDv), a€R. (2.2)

Unlike the material derivative IEB, the objective derivative B (for any a) transforms
correctly (as a tensor) under a time dependent rotation of the observer. When
a € [—1,1], then BB is precisely the Gordon-Schowalter derivative (cf. [20]). It is
known (see e.g. [39]) that by modifying the value of a, it is possible to capture
a shear-thinning behaviour of the fluid. The case a = 0 leads to the class of
models with the corrotational objective derivative (cf. [45]), which has very special
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properties that simplify the analysis. The case a = 1 in (2.2) coincides with the
upper-convected objective derivative, which is probably the most popular choice in
the literature. In any case, using definition (2.2), equation (1.9) becomes simply

B+ P(0,B) = div(A\(0)VB), (2.3)

which is the generalized (due to an implicit form of P) Johnson-Segalman viscoelas-
tic model with stress diffusion and temperature dependent material parameters (P
and A). Depending on the choice of a and P, we can easily recover simpler models,
such as the diffusive Giesekus or Oldroyd-B models.

Let us turn our attention to equation (1.8), which represents the balance of linear
momentum. Indeed, defining the Cauchy stress tensor by

T :== —pl + 2v(0)Dv + 2au6B (2.4)
and using (2.1), equation (1.8) takes the standard form
v=divT + f.

Definition (2.4) is a constitutive relation which is quite typical for viscoelastic fluids:
the first part —pl + 2v(0)Dw is a standard stress response of a viscous Newtonian
fluid, while the second part 2aufB models the forces arising due to the elastic (i.e.
reversible) part of the total deformation. Assuming that a decomposition of the
total deformation of the fluid into a viscous and elastic part is indeed possible, the
tensor B itself can be interpreted as the left Cauchy-Green tensor corresponding
to the elastic deformation. In this setting, the tensor B is sometimes denoted by
By, (), referring to a stress-free configuration at a time ¢. For more details, we
refer to [40]. To avoid certain singular elastic deformations and to ensure a viable
physical meaning, it is necessary that B is a positive definite matrix, which is the
restriction (1.2).
Next, defining the fluxes of internal energy and of entropy by

Jeo = —k(0)VO and  j, = —k(0)VIng + pA(@)V(trB — d — Indet B) (2.5)
and using (2.1), (2.4), (1.7), we can rewrite equations (1.10)—(1.12) as

¢+divj, =T Do, (2.6)
E +divj, = div(Tv) + f - v, (2.7)
n+divg, = ¢, (2.8)

representing the balances of internal energy, total energy and entropy, respectively.
We thus see that the equations of system (1.8)—(1.12) are merely balance equa-
tions combined with the constitutive assumptions (2.4), (2.5) and (1.6). In fact,
also the equation (2.3) itself can be seen as a constitutive relation. Below we shall
demonstrate that the choice we made in (2.3), (2.4), (2.5) and also in (1.3) is not
completely ad-hoc, but can be seen as a consequence of (1.6) and of the single
assumption that the underlying Helmholtz free energy of the fluid is given by

= —c,0In 3= + 01 (B), (2.9)
where
Ve = pu(trB — d — Indet B). (2.10)

Therefore, we are now specifying just two scalar functions: The Helmholtz free
energy v characterizes how the fluid stores the energy, while the rate of entropy
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production £ describes the dissipation mechanisms. Let us now explain our moti-
vation to choose (1.6) and (2.9) in particular.

The first two terms of £ correspond to the standard heat conducting Newtonian
fluid. The next two terms of £ describe the the energy dissipation due to the elastic
deformation. In particular, the last term introduces the stress diffusion term into
equation (2.3). It is useful to note that the form of these terms is related to our
choice of ¥ or, more precisely, to the function v¢.. Indeed, using basic identities of
matrix calculus, we get

Vo(B) =pl-B"), Y/(B)=pB ' @B! (2.11)
and, consequently, also
(B 2VBB 2> = uB VBB~ - VB = ¢/ (B)VB - VB.

Therefore, (1.6) becomes

<= 2V9(0) [Do|* + £(0)|VIn6]* + P(6,B) - . (B) + A(0)¢/ (B)VB - VB.  (2.12)
This can be further rewritten, using the product rule, as
e= 2 pof? 4 (P(9, ) ~ aiv(A(6)VE)) - v (B) + w(0)V0 - Y7
+ div(A(0) VL (B)). (2.13)

We remark that there seems to be no agreement on what is the correct expression
for £ in viscoelastic fluids with stress diffusion and different choices can lead to
physically sound models as well. On the other hand, the assumption (2.13) leads
to the simplest possible (linear in B) form of the stress diffusion term, which is an
advantage not only in analysis, but apparently also in physics, see [15] and [27].
Next, let us comment on (2.9). Together with the fundamental thermodynamical
identities
e=1+6n and n = —0p), (2.14)

it implies (1.3) since

e= fcvelng + 0. (B) + cvt‘)ln; + 0 — 0 (B) = ¢,0.
0 0
In fact, the assumption (2.9) is the most general one, for which there is a linear
relation between e and 6. Although we could also work with the function ¢ =
(0, B) implicitly (assuming concavity in 6, convexity in B, certain growth etc.),
we refrain from doing so here as it would complicate the analysis in Section 3
significantly. The issue is that if e = ¢,0 does not hold, then one has to put forth
an additional effort to invert the relation e = e(6,B), cf. discussion in [22, Section 2].
In [5] this was solved by linearizing e = (0, B) near # = 0 and eventually removing
this approximation in a limit. From this point of view, our existence result can be
seen as basic step towards the existence theory for the general case with ¢ = (6, B).
Let us now compute £ from the balance equations and (2.9). From (2.14), we
get

& =1+ 0+ 01 = 0pth0 + Oaip - B — Dpu6 + 0F) = OB - ¢/, (B) + 61
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and using this together with (2.2), (2.3), (2.6) and (2.8), we arrive at

1 . 1
§:5T~Dv—B-¢é(B)—gdee—&-lejn
:%T-Dv—@-wg(lﬁa)—2aBDv-¢;(B)—Z—f~je+div(je—éje)
1 ; Vo ... 1,
= 5 (T — 2a0By,(B)) - Dv — B - ¢/(B) — 55 - 3 +div (4. — 5. )-

Comparing this with (2.13), it is easy to see that the simplest way to make the
both expressions for £ equivalent is by prescribing the constitutive relations (2.3),
(2.4) and (2.5). This kind of identification can be interpreted physically using the
principle of maximum rate of entropy production, see [41].

3. THE MATHEMATICAL ANALYSIS OF THE MODEL

In this principal section of the paper we study the mathematical properties of
the system (1.1)—(1.16). First, we need to fix some notation. The sets of symmetric,
positive definite and positive semi-definite matrices, respectively, are defined by

RXd = (A € R4 : A = AT},

sym
R = (A € RE: Aw - > 0 for all 0 # = € R},
R%ﬁd ={A ¢ R‘siyxntf cAx-x >0forall x € Rd}

respectively. In the special case d = 1, we set R+ := R1>>61 = (0,00) and R>¢ =
R%l = [0,00). We use the symbol - to denote the standard inner product in any
space of finite dimension greater than one. The outer product is denoted by ® and
it is used both on R¢ or R4X4, Further, the symbol |-| denotes the Euclidian norm of
any finite-dimensional object. We extend the definition of any? function f: R — R
to ngxn‘f in a standard way as follows: As a consequence of the Schur’s theorem,
any A € ngxn‘f admits a spectral decomposition A = QDQT, where @Q is orthogonal
and D is diagonal with real entries. Then we set f(A) = Qf(D)QT, where f(D) is
a diagonal matrix with entries f(D;;), ¢ = 1,...,d on the diagonal. If the natural

domain of f is Rsq, we make the same construction with R%*? replaced by Riﬁd.

sym

If not stated otherwise, the set © C R? is an open bounded set with a Lipschitz
boundary (i.e. of the class C%!) in the sense of [37, Sect. 2.1.1]). Let V be a subset
of an Euclidian space. By (LP(Q; V), ||l,) and (W*P(Q; V), |||lk.p), 1 < p < o0,
k € N, we denote the Lebesgue and Sobolev spaces of functions u : Q — V| with
their usual norms. In certain situations, we use the notation ||-||,.q instead to clarify
which domain is considered in the norm. The standard inner product in L?(Q; V)
and L?(9€); V) is often abbreviated to (-,-) and (-, -)sq, respectively. The meaning
of the duality pairing (-,-), is always understandable from the context. Further,
if p > 1, we set WhP(Q; V) = (WFP' (Q;V))*, where p' == p/(p— 1), k € N,
and the star symbol “*” denotes the topological (continuous) dual space. Since the
velocity v in our problem is constrained by dive = 0 in bulk and by v - = 0 on

2Except for | - |.
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the boundary, we introduce the following subspaces:

Whe = {u e WHP(Q;RY) :u-n =0}, keN, p<oo,
whep ={ueWhrrP.divu =0}, keN, p< oo,

n,div

—k,2 k.2 \x
Wn,div T (Wn,div) ) ke Na
P

n,div " n,div

The expression u -7 is, of course, understood in the trace sense and we shall not use
any additional notation for traces of Sobolev functions, assuming it is clear from
the context.

Let X be a Banach space. The Bochner spaces LP(0,7;X) with 1 < p < oo
consist of strongly measurable mappings u : [0,7] — X for which the norm

T 1
) ir<p<s
[ullro.1:x) = 4 \/O

esssup||ul| x if p = o0,
(0,1)

is finite. If X = LI(Q;V) or X = Wha(Q;V), with 1 < ¢ < o0, n € N, we
shorten the notation and use the symbols ||-||Lers or ||||prwr.a, respectively, for
the corresponding norms. The space C([0,T]; X), containing continuous X-valued
functions on [0, 7Y, is equipped with the norm

llulleqo,ry;x) = sup [Ju(t)|x-
te[0,T]

s

Furthermore, the space of weakly continuous functions is defined by

Cw([0,T]; X) :== {u € L>®(0,T; X) : the function (g, u) is continuous in [0, 7]
for every g € X*}.
When manipulating products of matrix-valued functions, we use a simplified

index-free notation, which is always easily understandable in given context. To be
on the safe side, we warn the reader that we write

VA VB instead of Zi,j7kaiAjkaiBjk,
(v A)- VB instead of ZiyjﬁkviAjkaiIB%jk,
|AVBC|? instead of Zi’jyk(AilakBlmij)Q,
(A ®B)VC instead of Zm’nAiijnﬁkam

for example, and so on.

Assumptions on material coefficients. The mathematical properties of the
system (1.1)—(1.16) depend crucially on the behaviour of the material coefficients,
which were not yet specified. We will require that the coefficients

dxd
sym’

v, Kk, \, P are continous functions in R,R,R and R x R respectively, (3.1)
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and admit the following growth conditions for some numbers ¢, > 0 and constants
C,C, > 0:

Cl<us)<C for all s > 0, (3.2)

11 4+5") <k(s) <C(1+5s") foralls>0, (3.3)
Cl<As) <O for all s > 0, (3.4)

P(s,A) = P(s,A)T for all s >0 and A € RE%Y, (3.5)

|P(s,A)| < O+ |A|7T) for all s >0 and A € REXY, (3.6)

P(s,A) - A% > C,|A[9T1T> — ¢ for all s,a >0 and A € R4, (3.7)
P(s,A)-1>-C for all s >0 and A € REY?, (3.8)
P(s,A)-(I—-A"H >0 for all s >0 and A € RE$?. (3.9

In addition to that, we need one more technical assumption concerning the be-
haviour of P for “nearly” singular matrices®: There exists wp > 0 such that

P(,A+wpDz-2 <0 forall A € R and « € R? such that Az -2 < 0. (3.10)

sym

Assumption (3.2) is quite standard for fluids. Restriction (3.3) means that & is
a bounded function near zero and has an r-growth near infinity. In literature, one
can find instances where the number r is chosen relatively large, which then helps
the analysis. Assumption (3.4) is chosen just for simplicity. Condition (3.5) is an
obvious necessary restriction should (1.9) hold. Assumptions (3.6) and (3.7) mean
that P(-,A) behaves asymptotically as ATt which is a crucial information to get
sufficient a priori estimates. Condition (3.8) simplifies the analysis at one step and
means basically that the leading order term of P(-,A) appears with the positive
sign, compare e.g. with the Giesekus model, where P(-,A) = A2 — A. Property
(3.9) is important for the validity of the second law of thermodynamics in our
model. Roughly it means that P(-, A) should be derived from (or at least share the
direction with) the quantity A —I (and not I — A). An explicit example of function
P satisfying (3.5)—(3.9) would be

P(s,A) = 6(s)(1+|A -T2 P)AP(A —T),

where § is a continuous positive real function and § € [0, ¢]. Indeed, note that, for

any A € RZ5? we can write

APA—T)- I—A" ) =AZAT(AT —A"3)AZ . (I- A~
—AT(AT —A3). AT(I—AVHAZ = [AT (AT —AE)2 >0,
implying (3.9). Next, properties (3.6), (3.7) and (3.8) follow easily from (4.20)
below. Finally, we claim that (3.10) holds with wp = 1. Indeed, let 0 # = € R? be
an eigenvector of A € R4, for which A\ = Az - z/|z|> <0. fA+1¢ R‘%d then

sym ’

we can redefine P(-, A + 1) as needed. Otherwise, we have A +1 € R‘%d, and thus

3Although P(-, A) should be initially defined in some way also for A € Rgfn‘f \Riﬁd, such a def-

inition becomes irrelevant once we prove B € ]RdXd A similar remark applies for the temperature
dependent coefficients.
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A > —1 and we can write
P(s,A+TDx-x=06(s)(1+ A7) A+D Az -
=5(s)(1+ |A|7P) (A + 1)PA|z|? < 0.

In addition to the parameters ¢ and r, we also introduce the parameter p as
the integrability exponent of the initial datum for B, i.e., the largest number p, for

which
/|B0|p < 00.
Q

It is to be expected that increasing the values of ¢, 7 and ¢ improves the mathe-
matical properties of the system (1.1)-(1.16). This seems to be true, at least up to
a certain threshold: For example, it is unclear whether the case p > ¢ provides some
improvement compared to the case p = ¢q. Also, it seems very unlikely in our setting
that one would be able to prove any better information than Dv € L*(Q; REX™).
To be able to quantify this precisely, let us now introduce certain conditions which
play a key role in our main result below.

Conditions on ¢, r and p. To make sure that the quantities below are well
defined, we need to restrict the parameters ¢, r and ¢ by the condition

r>1—%, qg>1, o>1 (Co)
(we recall that d > 2 is the dimension of the domain §2). Let us define
o = min{gq, o} and  rg=r+ % (3.11)
The conditions
(ra=1)(qg—1)>2, (C1)
(rd—l)(q+a—d2+d2>>did2 (Coq)

are sufficient to define every term appearing in (1.22)—(1.25) in a weak sense. As
such, they are actually sufficient for the existence of a weak solution, which is the
content of our main result.

Further, the conditions

2

(ra=1)(g+0-2)>4-=, (ch)
ta=0) (040 - 25) > 5 (©5)

(together with some regularity assumptions on 2) are sufficient for the local balance
of the total energy (1.11) to hold if d = 2 or d = 3. In the case d > 4, it is unclear
if |v]?v € L (Q;R?), for any choice of r,q and o.

Finally, the condition

(ra—=1)(g+0—-2)>4 (€%

is sufficient for the validity of (1.21).

Since o < g, it is obvious that (C?) implies (C;) and (Cy), written symbolically
as

(C%) = (C1) A (Ca).
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Moreover, if d < 3, it is easy to see that the relation
(C%) = (CF) A (C5) = (C1) A (Ca)

is valid. Instead of (Cp), we often use one of its equivalent versions:

g+1 / , _q+1
>3t >2¢ — 1, <12
rd 1 rd q or 1y >
Furthermore, defining
qg+1 q+o+2
ro:=—— and r;=-—7-7,
qg—1 q+o—2

we observe that
(C1) is equivalent to rq>79 and (Ce) is equivalent to 74 > ry.

Let us make one important remark on the assumptions above. By imposing any
of the conditions (Cp)—(C?) and (3.2)—(3.6), we place some restrictions on the coef-
ficients of the model which may not agree with experimental measurements. Thus,
one could argue that this renders our analysis useless in the actual applications.
However, if we only care about existence of a weak solution, without any quanti-
tative criteria, then these assumptions are not that important, from the physical
point of view. Indeed, note that (3.2)—(3.6) restrict only the asymptotic behaviour
of the coefficients. For example, any continuous function s defined on some inter-
val (6p,01), 0 < 6y < 01 < o0, can be modified in a neighbourhood of 0 and oo
so that (3.3) holds. The interval (g, 6;) may represent the temperature range for
which the model we are considering makes sense. When the fluid starts to freeze
or boil, then we are clearly outside this range and it makes no sense to prescribe
the coefficients v, k, § and A there. On the other hand, it is unclear whether one
can deduce some absolute bounds for the temperature, besides 6 > 0, using only
the information that is encoded in the system. Thus, purely for mathematical rea-
sons, we have to assume that these material coeflicients are defined in some way
also outside (6p,601). A similar remark applies also for the coefficient P(-,A). If
|A| is too large, any realistic material eventually breaks down. Thus, we may set
P(-,A)=A-1, |A| € [0, M), where M is large (to mimic the Oldroyd-B model, for
example) and then extend this function continuously so that (3.7) holds with some
large q.

A priori estimates. Let us now explain the motivation behind the conditions
(C1)—(C%) by an informal derivation of the a priori estimates corresponding to the
system. These also indicate what function spaces should be used to define a weak
solution. As the precise computation is carried out in the proof of our main result
below, this section serves only as a reader’s guide through the main ideas used in
the formal proof below.

The obvious starting points are the energy equality (1.25) and the entropy in-
equality (1.24). The first one gives, using f € L?(0,T; L?>(Q;R?%)) and Gronwall’s
inequality, that

v € L>(0,T; L*(Q;RY) and 6 € L>=(0,T; L' (4 R)). (3.12)

Next, since £ is non-negative and the left hand side of (1.24) is in a divergence
form, we deduce that

€€ LY(Q;R) (3.13)
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simply by integrating (1.24) and using 19 € L'(€;R) and boundary conditions.
Information (3.13) is important to show that a weak solution meets the physical
requirements (1.1) and (1.2). Unfortunately, estimates (3.12) and (3.13) do not
provide enough information to even define some terms appearing in (1.22) and
(1.23). Nevertheless, with the assumptions made above, it is possible to improve
this information.

Thanks to the results of [3], it turns out that to a large extent, we can treat (1.23)
as a scalar equation and test it by B°~!. Then, using (3.7), Young’s inequality and
Lemma 3 below, we can eventually get

d o qto
5 Lo+ [ [wrip<o [ prme+o<o [ o e
dt Jo Q Q Q Q

hence
1

[Bllgtrio < CIDO] fza g+ C. (3.14)
To make the last estimate usable, we need to get sufficient control over Dw. This
is the point where the first crucial difference, compared to the existence theory for
the Navier-Stokes-Fourier systems, appears. There, one is able to deduce an apriori
estimate for Vo simply by multiplying the momentum equation (1.22) by v and
absorbing the right hand side. This is generally not possible in our case as we get
also the term div(6B) - v on the right hand side, which is difficult to control. To
eliminate it, one has to add the balance of internal energy (1.21), leading only to
(1.25), however. Therefore, to obtain an estimate for Dv, we have to look elsewhere.
We note that in (1.21), the viscous dissipation term appears in the form 2v(6)|Dv|?
on the right hand side. Thus, it is a good idea to test (1.21) (on an approximate
level, where (1.21) makes sense) by the function —0~# with 8 > 0 as small as
possible. Eventually, this leads to the estimate

D 2
Dvf o (3.15)

@+1—R%anzﬁ+ [ iw s

where
(r+3%-1)(qg+0) 2

R= 2 S d

From this, using Ho6lder’s inequality and Sobolev embeddings, we deduce

R—r—1

r+1—R
Dl < (16, DU€||2;Q||0€||R+2§;Q <0,

where

r+1—-R rqg—1 q+o

=2-2—— = = .
P rqg+1 (q+0)7“d+1 2’1"&—1

Looking back at (3.14), we need to ensure that

q+o rqg—1
— <(q+o
q (g )T'd-‘rl

(the strict inequality gains compactness), which is equivalent to (Cy). If this con-
dition is satisfied, the above ideas together with some interpolation arguments and
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the use of (1.1)—(1.6) lead to the following a priori information:

v € L>®(0,T; L*(;RY), (3.16)

Vo € LP(0,T; LP(Q; RY*Y)), (3.17)

v e LPY (0, T; LMo (Q; RY)), (3.18)

B € L>°(0,T; L7 (; REE), (3.19)
B~:VBB % € L*(0,T; L* (%R x RELD)), (3.20)
VB? € L*(0,T; L* (% R? x RYH), (3.21)

B € LIT7(0,T; L7 (Q; RLSY)), (3.22)

6 € L>=(0,T; L*(Q;R<g)), (3.23)

V62 € L*(0,T; L*(Q; RY)), (3.24)

0 € L™T(0,T; LB (Q; Ro)). (3.25)

Let us now check that (3.16)—(3.25) are sufficient to define every term of the
system (1.22)—(1.25) in a weak sense. Obviously, it is enough to focus on the non-
linear terms. Since v - Vv = div(v ® v), we need to ensure that v € L2(Q;R?)
for some ¢ > 0 which, looking at (3.18) translates as

d+2 5
p——>2
This condition is actually equivalent to (Cz). It turns out that conditions (Cp),
(C1) and (Cy) are really the only restrictions on the parameters ¢, r, o needed for
the existence of a weak solution. To see this, we proceed with estimation of the
non-linear terms. On the right hand side of (1.23) we have the product 6B (under
the divergence), which (by Holder’s inequality) is integrable if
1 1 1
—s t—==-<1
R + Fi q + 0o p
cf. (3.25) and (3.22), which is true (due to (Cy) or (Csz)). Next, in equation (1.23),
the most irregular term is obviously BVw. Since, by (C;), we have
p q+o qH+o\rg—1 q+o

)

these terms are integrable as well. Regarding the entropy inequality (1.24), the
convective term is integrable as it turns out that 7 is even better than square
integrable. Thus, we only need to check that x(#)V In 0 is integrable, which is true
since, using (3.3), we have

1£(O)VInbllie < [[VA@)lzellva(@)VInblae < Cl6]q + C
and r < R4 due to (C;). Hence we see that all the terms of (1.22)—(1.25) are well
defined.

All this is true if (Cy), (C2) hold and r is not too large. Note that the key estimate
(3.15) degenerates if » + 1 > R, which happens precisely if r is so large that the
condition (C?) becomes true. The condition (C?) defines a certain sub-critical case,
where the existence proof becomes easier, but the derivation of estimate (3.15)
(and subsequent conclusions) must be modified accordingly. Let us also remark
that in our setting, the condition (C?) holds if and only if p = 2. In other words,



16 M. BATHORY, M. BULICEK, AND J. MALEK

the condition (C?) determines whether the viscous dissipation term 2v/(8)|Dv|? is
integrable or not. Actually, also the second non-linear term appearing in (1.21),
that is 0B - Do, is integrable if (C?) is true. We thus conclude that (C?) determines
whether (1.21) is meaningful or not.

Definition of weak solution. In addition to o, r4, rg and 71, let us define further
numbers which are useful in the definition of weak solution below. We set

q,+g it rg <y,
_ 2r;—1 396
p= 2) if rq ="y, ( ' )
2 if rq >T1,

where the symbol zg), zo € R, is used throughout as an abbreviation for any
number from a (sufficiently small) left neighbourhood of xg, excluding xg. Further,
we set

(ra—D(g+o) 2 .
2 V=2 )MTI)_ 2 4
R; =R+ 7 where R = { 2 g TS (3.27)
r+1) if rg>re.
Finally, we define
o if o<y, 2(q + o)
— d = —— .2
70 {0) if o=g¢q and = qg+o+2 (3.28)

Definition 1. Let T > 0 and let Q@ C R?, d > 2, be a Lipschitz domain. As-
sume that the constants a € R, a > 0, ¢y, > 0 and the functions v, k, \, P fulfil
the assumptions (3.1)—(3.9) with the numbers g, r, o satisfying (Co), (C1), (Cz). Let
the numbers o, p, R, Rq, oo and z be defined by (3.11), (3.26), (3.27) and (3.28),
respectively. Suppose that the initial data satisfy

vy € L2 41, (U RY), By € LAURYSY), 0o € LM Rop), (3.29)
No == ¢y Infy — p(tr By — d — Indet By) € L' (Q;R) (3.30)

and that
f € L*(0,T; L*(; RY)). (3.31)

Then, we say that the function (v,B,0,e, E,n) : Q — RY x ]R‘if)d X Rsg X Rsg X
R0 xR is a weak solution of the initial-boundary value problem (1.1)—(1.9), (1.12)-
(1.16) if all of the following conditions (1)—(1v) are satisfied:
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(1) The functions v, B, 0 and n fulfil the properties

ve LP(0,T; WP )N Cy([0,T]; L2(Q; RY)),

n,div
Sy € LP27 (0, T W;Q’iﬁ%),
B € L*(0, T; W (2 REGY)) N Cu ([0, T); L7 (4 RLG)),
B € LIt (Q; RES™),
B% € L*(0, T; W2 (% RLGY),
OB € (L7 (0, T; W' (; RESY) N L5T (@ RLY),
B :VBB~Z ¢ L?(Q;R? x RE),
IndetB € L?(0, T; WH2(Q; R)) N L>=(0,T; L' (4 R)),
6 € L>(0,T; L' (€;Rs0)) N L7(Q; Rsy),
0% € L2(0,T;Wh2(Q; Rsy)),
Ing € L*(0,T; WH2(;R)) N L>(0, T; L' (4 R)),
n € L*(0,T; Wh#(;R)) N L*(0, T; L*(Q; R)).

(11) The identities (1.3)—(1.6) hold almost everywhere in Q.
(111) Equations (1.22)—(1.25) are satisfied in the following sense:
T T

/ (O, ) — (V@ v, V) + (2v(6)Dv, V)) + a/ / vr @,

0 T 0o Joo

- [ Causn.ve)+ [ (1.0
0 0

2y

forall ¢ € L(p%)/(O,T; whe

n,div

T T T T
/0<8t]B%,A>—/O (B@v,VA)—i—/O (P(H,]B%),A)—s—/o (A(6)VB, VA)

0
forall A€ L7 (0,T; Wh (Q; R¥*4)) 0 L#°T (Q; R4,

T
(10, ¢)(0) — /0 (7, 9)0p

T

—|—/ (k(O)VInd — pA(O)V (trB—d—IndetB) — nv, V) p > / (& d)p
0 0

for all ¢ € WH((0,T);Rx0), ¢(T) =0, and all ¢ € WH>(2;R>0),

%/QE:/QJ:.’U a.e. in [0,T).

);

= /T((aDv + Wo)B, A + AT)

17

(3.44)

(3.45)

(3.46)

(3.47)
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(1v) The initial data are attained in the following way:

ess lim|lv(t) — voll2 = 0, (3.48)

t—)0+

Jim 8(6) — Bollo, =0, (3.49)

ess lim||0(t) — Opll1 = 0, (3.50)

t—04

essliminf | n(t)¢ > / no¢ for all 0<¢eWh>e(Q). (3.51)
t—04 Q Q

It remains to show that a weak solution exists.
The main result. In this section we state and prove our main result.

Theorem 1. Suppose that all the assumptions of Definition 1 are fulfilled.
(1) Then, there exists a weak solution of the system (1.1)—(1.9), (1.12)—(1.16).
(1) If, in addition, d < 3, Q € CY! and (CF), (C¥) hold, then there exists
a weak solution of the system (1.1)—~(1.9), (1.12)~(1.16) and also a function
pE Lp%(Q;R) such that the local balance of total energy (1.11) holds in
the sense:

T T
~ (Lool? + e, 6)(0) — / (B, §)rp — / (B, Vo),

JFOZ/OT/aQ |v7|2¢go+/0T(n(9)V9»V¢)<P (3.52)

= /T(p'v —2v(0)(Dv)v — 2aufBv, Vo)p
0

for all o € WH*°((0,T);R), ¢(T) =0, and every ¢ € WH>(Q;R).

(1) If, in addition, condition (C?) holds, then there exists a weak solution of
the system (1.1)—~(1.9), (1.12)—(1.16) satisfying the local balance of internal
energy (1.10) (i.e. the temperature inequality) in the sense:

T

T T
~ (coblo, 9)(0) — /0 (6, $)0rp — /O (cst0, V) + /O (k(6)V0, V)

T
> / (2v(0)Dv|? + 2audB - Dv, ¢)p (8:53)
0

for all o € WH°((0,T);Rx0), o(T) =0, and all p € W (Q; R>g).

Proof. Let us do the proof only for d > 3 (the case d = 2 is easier, of course).
Also, it is clearly enough to focus on the case @ > 0. In the simpler case o = 0
(corresponding to the free-slip boundary condition), the boundary term in (3.44)
and (3.52) is merely not present (and v € L%(0,T; L?(9Q;R?)) may not be true,
depending on p).

(1)

General strategy. We approximate the system (1.8), (1.9), (1.10) using several
parameters to obtain a proper Galerkin approximation and we show that the re-
sulting (ODE) system has a solution. After that, our aim is to derive the entropy
equation. At this point, possibly irregular terms containing # and B are cut-off and
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v is smooth, hence we easily obtain uniform estimates for the Galerkin approxi-
mations of B and 6, which might not be positive definite or positive, respectively.
However, after taking the limit with these approximations and then proving cer-
tain maximum principles, we prove invertibility of # and B, which, in turn, enables
us to derive the entropy equation. From this we read that the positivity of det B
and 6 is preserved uniformly, which then enables us to remove the cut-off from the
system. We also improve the uniform estimates by considering appropriate test
functions in the equations for 8 and B. Using these, we pass to the final limit,
identify the non-linear terms and initial conditions, hereby obtaining a solution of
the original problem.

Approximation. First we introduce a truncation, which is essential for the proof.
We also prepare some simple estimates corresponding to this truncation, that are
used later in the proof. For any w € (0,wp), let us define the “cut-off” function

max{0, A(A) — w} max{0,7 — w} dxd
, AeR&xe eR,
(IAA)[ + @) (X + w[AP) (7] + w) (1 + wr?) me T

gw(A,7) =

where
A(A) == min{ X : det(A — AI) = 0},

i.e., the smallest eigenvalue of A. Note that g, is a continuous function in ngxnﬁl xR

and satisfies 0 < g, (A, 7) < 1 for every (A, 1) € ngxn‘f x R. Moreover, if A(A) <w

or 7 < w, then g,(A,7) = 0, whereas if A(A) > 0 and 7 > 0, then g,(A,7) — 1 as
w — 04. Furthermore, we remark that

Go(A, YA+ Al + AP + 7+ 7%) < C(w). (3.54)

The function g, is used below in system (3.64)—(3.66) to handle its irregular terms.
Let us truncate also the initial conditions By, 6y by defining

BY(x) = { IB%O]%x) if A(Bo(z)) > ilirshgz?(x)\ <Vdw, (3.55)
gy = { M T (350
With such a definition, these functions clearly satisfy
A(Bg) > w, 05 > w (3.57)
and
BY| < Vdw™, 6% <w! (3.58)
in . Moreover, it is evident that
BY| < Vd+ [Bo|, 6% <146, (3.59)
and, since In1 = 0, also that
|Indet B | < | Indet By, [In 65| < |1n 6] (3.60)

a.e. in . Let us further remark that, since By € L7(€; R‘%d), the Lebesgue measure
of the sets {A(Bg) < w} and {|Bg| > w1} tends to zero as w — 0., and thus

IBs — Bollg = / IT—Bol” +/ IT—Bo|” — 0. (3.61)
A(Bo)<w Bo|>w—1
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Analogously, relying on 6y € L'(Q;R~), we also obtain
||08J - 90”1 — 0, w — 0+. (362)

Next, we discretize the w-truncated system in space by the Galerkin method.*
Let {w;}5°,, {Wj}‘f:l and {wy }72; be bases of WN-2(Q; Rd)ﬂW:l:Ziv, WHN-2(Q; ngxn‘f)
and WN-2(Q; R), respectively, with the following properties:

e The bases are L2-orthonormal and W " 2-orthogonal.

e The number N € N is chosen so large that the elements of the bases are
Lipschitz (due to embeddings of Sobolev spaces).

o wy = |0 2.

e For any /,n € N, there exist L2-orthogonal projections

Py : L*(;RY) — spanf{w; }¢_;,
Qn : LA(Q; R4y — span{W;}7_,,
R, : L*(;R) — span{wy }7_,
e P, Q,, R, are L?>- and W-2-bounded, uniformly w.r.t. £,n.

Existence of these bases and corresponding projections follows from standard results
(see Appendix 4 in [30]) using the eigenvectors of the generalized Laplace or Stokes
operators. 4

We fix £,n € N and consider the problem of finding the functions a,,, 5,5 vfn
of time, where ¢ =1,...,¢ and j,k = 1,...,n, such that the functions v, By, 0¢,
defined as

14
vin(t; ) = Z A (Hwi (),

n " (3.63)
Ben(t, ) =Y B, (OW;(x) and O = Y 6, (Hw (@)
j=1 k=1
satisfy the following equations® a.e. in (0,Tp), Tp > 0:
(Orven, w;) — (Ven @ Ve, Vw;) + (20(00n)Dvgn, Vw,) + a(vim, @)oo (3.64)
= —(2augw (Ben, 0en)0enBen, Vw;) + (f, w;),
(OBin, W) + (ver - VB, W;) + (P(6en, Ben ), W) + (A(Oen) VBep, VW ;) (3.65)
= (29w Bin, Oen ) (aDvgy, + Wogy, ) By, W),
(cuOt0en, wi) + (cyvin - V0o, wi) + ((K(en) + w|VOen|")V0sr, Vwy,)
= (20(005) | Dven | + 204190 Ben, 0en)0enBen - Dven, wi), (3.66)
forall 1 <i</,1<jk<n and with the initial conditions
v (0) = Prvg, Ben(0) = QnBy, 60, (0) = R,05 in Q. (3.67)

4The great advantage of our approach is that with the cut-off g,, we need not care about
positive definiteness of the basis functions for B.

5The term w(|V0pn|"V0Opy, Vwy) vanishes in the limit w — 04 and allows us to avoid the use
of a weighted Sobolev space, where the density of smooth functions is not available in general.
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By the L2-orthonormality of the bases, we have
(8tv€n7w’i) = Z ata?’rLL(wm7wi) = (aén)/

and similarly
(OBen, Wy) = (87, (00en,wi) = (44,),
hence (3.64)—(3.66) is, in fact, a system of £ + 2n ordinary differential equations
(b)) = Fi(t,ag,, ... b)), i=1,...,L
(B1)' = FaBlns---,Bn),  G=1,....m, (3.68)
(Ven) = BsVins -3 Yn)s  k=1....n

It is easy to see, using (3.1), that Fy, F» and F3 are continuous with respect to the
variables a}}n, 5, and ’yfn, respectively. Moreover, the explicit dependence of Fy
on time is controlled by

|(f wi)l < [ fll2llwill2 € L*(0,T;R).

Thus, we can apply the Caratheodory existence theorem (see [12, Chapter 2, Theo-
rem 1] or [46, Chapter 30]) and hereby obtain absolutely continuous functions aj,,,
ﬂgn, vfn, 1<i<¥¢,1<j,k<mn,solving (3.68) on (0,Tp), where Ty < T is the time
of the first blow-up. In view of the a priori estimates derived below (see e.g. (3.71)),
we are able to prove that

14

sup [ D (0, (1)? zmn2+;wn < o0,
j= =1

te(0,7o) \ ;=1

hence, there can be no blow-up and the functions vy, By, 0r; are defined on an
arbitrary time interval, in particular on [0, 7.

n-uniform estimates. By multiplying the i-th equation in (3.64) by o, , summing
the result over all ¢ = 1,...,/, integrating by parts and using (1.13),, (1.7) (so that
the convective term vanishes), we obtain

1d
§all’ven||§ + [lv 2V(9€n)DU€nH§
_(20'/’('.90.) (Bfn; aln)eanZna Dv@n) + (.f7 v@n)

a.e. in (0,7). Then we use (3.2), (3.54), (3.67), Korn’s and Young’s inequality, and
deduce

(3.69)

d
2 [venll3 + Vo3 + ellven|300 < C(w)/Qlem + Cll fll2lVvenlla

1
< C() + CIFIB + 5 Voml3

a.e. in (0, 7). Integration with respect to time and the use of (3) and (3.29) directly
leads to

T T
wp%h)@+/ﬂw%@+a/HWM%néa@- (3.70)
te(0,T 0 0



22 M. BATHORY, M. BULICEK, AND J. MALEK

(the dependence of the constant C on the data is omitted as f, vg, o, or By are
fixed functions in our setting). Recalling the construction of vy, in (3.63) and
L%-orthonormality of the basis vectors {w;}¢_,, we note that

¢
loea (13 =D (b (1))
i=1
Hence, the estimate (3.70) yields
Z .
sup Y (g, (1))” < C(w), (3.71)
te(0,T) ;=1

which, together with w; € Wh(Q;R%), i = 1,..., £, implies
[venllpewe < Clw, £). (3.72)
Using (3.71), (3.54) and (3.2) in (3.64), we see that

[(@%n)ll2:00.7) = 11(Osem, i) [l2:(0.1)
= || (vfn RUpp _QV(QZH)DveTL_2aMgw (Bﬁna efn)efn]Bln; vwz) (373)

— (Ven, wi)aa + (F, ws)|2:0,7)

¢
< COIY_ (@) + lakul + D llas0,) + COF 22 < Clw,€).  (3.74)
i=1
Thus, we get

4
10sven || Lowre = > () Wil L2wroe < C(w, 0) (3.75)

i=1

and, using the fundamental theorem of calculus and Holder’s inequality, also that
t
() = ain(6)] < [ (04, < Cla Ot —sl* forevery .5 € 0,7)  (370)

and any i =1,...,¢. '

Next, we multiply the j-th equation in (3.65) by 3;, and sum the result over
j=1,...,n. Note that the convective term vanishes after integration by parts and
use of (1.13); and (1.7). Also the term including Wwvy,, vanishes due to symmetry
of BZ, . Thus, we obtain

1d
5@”31&1”% + (P(efanln)’BZn) + || V )‘(afn)VBan%
= (2agw(Ben, 00n)DvenBen, Ben)

a.e. in (0,7). Then using (3.67), (3.7), (3.4) and (3.54) we obtain, after integration
over (0,t), t € (0,7), that

(3.77)

t t
1Ben (8)]2 + / [Beall2H0 + / VBl < |QuBSI2 + Clw.0).  (3.78)

From this, using properties of @,, and (3.58), we easily read that
Benlloorz + [BenllL2+arza + [|VBen |22 < Clw, £). (3.79)



ANALYSIS OF THERMOVISCOELASTIC FLUIDS 23

To estimate the time derivative of By,, we take A € LI72(0,T7; WN-2(Q)) with
Al La+2yyne < 1 and use (3.65), Holder’s inequality, (3.79), (3.72), (3.3), (3.6),

(3.54), properties of @,, and (min{2, %})’ =q+2 to get

T T
/ (0:Ben, A) = / (0:Bon, Qu)
0 0

T T
_ / (Vem - VB, QnA) — / (P (O Bon, Q)
0 0
T T
_/ ()\(eén)VBlnvaHA)+/ (29w(BZn79€n)(a]D)vén+Wvln)B€naQnA)
0 0
T
< Clw,0) / / (IVBenl [ Q] + [Ben T QuA| + VB [VQuA| + QA
0 Q
T
< Clw,0) / (IVBenlls + [ Beal 2 + 1)|QuA 100

T
< C(wvﬁ)/o (IVBenll2 + IBenllis + DI QnAlln,2
< C(w, O)|Allparewn.e < Clw, 0),
hence

10:Ben| ata
La+

TW-—N.2

< C(w, ). (3.80)

Next, we multiply the k-th equation in (3.66) by vF , sum the result over k =
1,...,n, use (1.13),, (1.7) and integration by parts in the convective term to get

2 dtHeZnHz + IV K(Oen) V@enHz +W||V9Zn||:ig
= (2V(9€n)|D’U€n‘2 + 2augw (BETH efn)elnBén . D’U@n, eén)

(3.81)

a.e. in (0,T). Therefore, integrating this inequality over (0,¢), ¢ € (0,7T), using
(3.2), (3.3), (3.54), (3.72), (3.79), Young’s inequality, properties of R,, and (3.58),
we deduce

t t
o3+ [ 10518+ [ IOVl + [ 1001753 < Ot 352)

This, with the help of the interpolation inequality®

=) E+1,
HQZ”HLT”*%L””% < ||9€n||£;?g+4 ”92 | ( *2)334,

Sobolev’s inequality and also Poincaré’s inequality yields

10enlloe 2 + |V K(Oen)VOenl L2p2 + HGZ"HL”“%L””%

(3.83)
+ [VOen | prreprz < Clw, £).

Furthermore, taking 7 € L™2(0,T; WN-2(Q)) with ||7||z-+2pyv2 < 1 and using
(3.66), Young’s inequality, Holder’s inequality, (3.2), (3.3) (3.72), (3.83), (3.54) and

6A better estimate could be derived using V6, € L™+2L7+2 instead. However, at this moment
we do not need it, and later we shall need w-uniform estimates only.
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properties of R,,, we obtain

T T
/ (D400, 7) = / (00ms Ru7)
0 0
T T
_ / (Coum - Vlpm, Rut) — / (5(00n)V O + |V 00| "V Opr, V R 7)
0 0
T
+ / (QV(QEn)“D)UZnF + 2aﬂgw (Bfnv eln)aénEZn ‘ ]D)'UZn; RnT)
0

\/ H(Gen)vegn

+ V86| [V Ry | + | Ra7

T
<) [ [ (1980 + 0ol + [V/oBon) V0
0 Q

+ V0ol + 1) [ B oo

T
SC(w,E)/ /(|v9¢n||RnT|+|e@n|% VR
0 Q

2r+42
r+2

2r+42

T
<00 [ (I90mlzz3 + 10053+ 1 /o) V00l
V60 74+ 1) [ Bl

< Cw, Ol7llprazwre < Clw, f),

hence

[0eben| -2 < C(w,0). (3.84)

LW N2 T

The limit n — oco. For every i = 1,..., ¢, the sequence {a}, }>2, C C([0,T];R)
is bounded due to (3.71) and uniformly equicontinuous by (3.76). Hence, using
the Arzela-Ascoli theorem, for every i = 1,...,¢, we obtain o} € C([0,7];R) and
a subsequence (not relabelled) such that

of, — b strongly in C([0,T]; R) (3.85)

as n — 0o. Then, we define

¢
vy = Zaéwi e C([0, T); Wh (R N W2 )

n,div
i=1

and note that
Ve — ve  strongly in C([0, T); Wh° (; RY)). (3.86)

According to estimates (3.75), (3.79), (3.80), (3.83), (3.84) and using reflexivity
of the underlying spaces and the Aubin-Lions lemma, there exist subsequences



ANALYSIS OF THERMOVISCOELASTIC FLUIDS 25

{ven}22 1, {Ben}o2q, {0en}22, and their limits vy, By, 64, such that

OV — Oy weakly* in L2(0, T; W (Q; RY)), (3.87)
Vin — Vg weakly in L%(0,T; L?(99; RY)), (3.88)
Be, — By weakly in L?(0,7, Wh?(Q; REXH), (3.89)
Ben — By strongly in L?>T9(Q; Rg;g) and a.e. in Q, (3.90)

8B — 0By weakly in Li+1 (0,75 W~V 2(Q RED)), (3.91)
Oen — 64 weakly in L™T2(0, T, W T2(Q; R)), (3.92)
Oen — b4 strongly in LT+2+%)(Q;ngXn‘f) and a.e. in @Q, (3.93)

0400m — 040, weakly in L7 (0, T; W~N2(Q; R)). (3.94)

Now we explain how to take the limit in the non-linear terms appearing in (3.64),
(3.65) and (3.66). To handle most of the terms, namely

Von & Vin, I/(G[n)D'Ugn, 9w (Bf'm aén)H&LB@na P(afna B@n)a A(eﬁn)vBény
Jw (IBZna Hén)(aDvén + Wv@n)Bén; Vpn * veén, 9w (Bhn eén)eﬁnBén : D’Ugn,

we use the standard argument: These terms can be seen as a product of a weakly
converging sequence with a strongly converging sequence, obtained via Vitali’s the-
orem, (3.1) and pointwise convergence of vy, By, and 6, (due to the Aubin-Lions
lemma). This argument is sufficient to take the limit n — oo in the equations (3.64)
and (3.65). In (3.65), we first multiply the equation by a function ¢ € C1([0,T]; R),
integrate over (0,7, then take the limit and finally use the density of functions of
the form pA, A € span{W;}22,, in the space L@+ (0, T; WN2(Q; REX4)). This

sym
way, we obtain

(Orvg, w;) — (Ve @ vy, Vw;) 4+ (2v(0p) Doy, Vw,) + a(ve, w;)on

— —(apgo (B, 6)0¢By, Vawg) + (Fraws) foreveryi=1,....0 %)
a.e. in (0,T) and
T T T T
[toEea+ [ vBaa)+ [ (POLBYA)+ [ (0)VELTA)
0 0 0 0
(3.96)

T
Z/ (QQw(Bg794)(asz—I—Wvg)Bg,A)
0

for all A € LT*2(0,T; W RE)-

Sym

However, the space of test functions in (3.96) can be enlarged using a standard
density argument. Indeed, using Hoélder’s inequality, it is easy to see that every
term of (3.96) (taking aside the time derivative) is well defined provided that

A€ L2(0,T; WH2(; RESH) N LI (Q; RET)

Sym Sym

and thus, we can read from (3.96) that
9By € (L2(0, T; Wh(Q,RED) N LIT2(Q; RE) ™.

sym sym
Since we also have that

By € L2(0, T; WH2(Q; REX4)) N LI+2(Q; REX9), (3.97)

Sym Sym
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it follows from Lemma 1 below that
B, € C([0, T]; L* (4 RLXD). (3.98)
Now let us identify B,(0). Clearly, we can use A(¢,z) = ¢ (¢)P(z) in (3.96), where
Y € CH[0,T);R), ¥(0) = 1, (T) = 0, and P € WN:2(Q; ngﬁg) to get, after
integration by parts, that
T
(Be0)P) =~ [ (BrP)0uw + (00 VP + (P(61B). By
0
— (A\(00) VB, VP)Y — (29, (By, 0;) (aDvy + Wog)By, P)y)).

On the other hand, if we multiply (3.65) by %, integrate over (0,7") and by parts
in the time derivative using (3.67), we obtain

(3.99)

T
(QnBg,W;) = _/0 ((Bens W;)0uth + (Ver- VB, W)t + (P(6,Be), W)
— (A(egn)VBgn, VW])’(/J — (29w(Bgn, Hgn)(CLD’Ugn + W’U@n)Bgn,W‘)w). (3.100)

for every j = 1,...,n. Then, we use completeness of {W;}52, in L2(Q; ngxrg) and

the same arguments as before to take the limit n — oo in (3.100). This way, using
also density of span{W;}>2, in W-2(€; ngxn‘f) we get, for all P € WN:2(Q; ngxrg)
that

T
(B&.P) = — /0 ((Be, )y + (vg - VBy, PYp + (P61, Be), P
— (/\(eg)VBg, VHD)QZJ — (QQW(BK, 0g)(a]]])vg + WU@)E@,P)’M)).

If we compare this with (3.99) and use density of W:2(€); Rg;rg) in L2(€ ngxrg)
we deduce

By(0) =B§ a.e. in Q. (3.101)

We can use an analogous procedure to identify v,(0). Indeed, here the situation is
even simpler since (3.86) directly implies v, € C([0,T]; W1>°(Q;R?)) and we obtain
v,(0) = Pyvq. (3.102)

Our aim is now to take the limit in equation (3.66), where we need to justify
the limit in the terms x(0¢,)V0en, |V0in|" VO, and 2v(0,)|Dve,|2. For the first
one, we use (3.3), (3.93) and Vitali’s theorem to get

VE(0em) — /k(8;) strongly in L2+%(Q;R) (3.103)
and then we combine this with (3.92), to obtain
VE00) Ve — /K(0,)VE, weakly in L'(Q;R?). (3.104)

However, by (3.83) we know that (3.104) is valid also in L?(Q;R%) up to a subse-
quence, and hence, using again (3.103), we obtain

egn V@gn VK egn \/ ggn V@gn — VK 9@ \/ 9( Veg = li 9@ Veg (3.105)

weakly in L (Q; R?).
Next, to take the limit of the term 2v(6,)|Dve,|?, we first remark, using (3.1),
(3.2), (3.93) and Vitali’s theorem that

v(0p,) — v(0y)  strongly in L (Q;R).
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This and
Dvy,, — Dvy  strongly in C([0,T]; L*°(£; ngxn‘f))
(cf. (3.86)) clearly proves that
2w (0 ) Do, |* = 20(0,)|Dvg|?>  strongly in L) (Q;R). (3.106)

Finally, due to (3.83), there exists K € L+2'(Q; R?) such that
V00 |"VOs, — K weakly in L(H'Z)I(Q; RY). (3.107)

Then, using also (3.105), (3.106) and previous convergence results, we can take
the limit in (3.66) and obtain, for all 7 € L™2(0, T; WN-2(Q; R)), that

(cy 010, T) + (cyve - Vg, 1) + (k(00)VO, VT) +w (K,VrT)
[ fimuns frmsneafiseo

T
= / (2v(00)|Dve|? + 2apg.,(Be, 00)0,B, - Dy, 7).
0

Recalling (3.94), (3.105) and (3.107), we easily conclude, using a density argument,
that (3.108) is valid for all 7 € L™2(0,T; W12(Q; R)) and that the time deriv-
ative extends to the functional 8,0, € L"+2"(0,T; W~1+2"(Q; R)). Thus, using
Lemma 1 below, we also see that

0, € C([0,T]; L*(<4 R)). (3.109)

Furthermore, choosing 7 = 6 in (3.108), rewriting the time derivative term and
integrating by parts in the convective term leads to

Cy Cy
o [ K98 = =104+ 10O - [ wt60IverP
Q Q
T (3.110)
+/ (20(0,) [Dvel* + 2apg., (B, 00)0,B, - Duyg, 0;).
0

We use this information to identify K as follows. We note that weak lower semi-
continuity and (3.104) (which is valid in L?(Q;R?)) imply

/H(Gz)‘V@gF ghminf/ K(0e0)| VO |?. (3.111)
Q n—oo Q

Thus, if we integrate (3.81) over (0,7") and use (3.111), (3.106), weak lower semi-
continuity of ||-|[2 and the convergence results above to take the limes superior
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n — oo and then apply (3.110), we get

wlimsup/ |V, | 2
Q

n—oo

e L .
= —liminf == [0 (T)I3 + 711651 —llrlrggf/czn(ﬁzn)IVGan2
T

+ lim (20(On) Dven|? + 20490 (Ben, Orn)0enBen - D, Opn)

n—oo 0

Co Co (1w
<S03+ L6513 / k(00) V0,2
Q
T
4 / (20(00)|Dve? + 2apg (Be, 00)0:By - Dy, 60)
0

Co 1w Co
= 1651 - 1003+ | K-8
Q

To identify the initial condition for 8,(0), it is enough to show that
Oo(t) — 0% weakly in L*(;R)
as t — 04 since then we can use (3.109) to conclude
00(0) =65 a.e.in Q

(3.112)

(3.113)

(3.114)

by the uniqueness of a (weak) limit. To prove (3.113), we return to (3.66), which
we multiply by ¢ € Wh>(0,T;R) fulfilling ¢(0) = 1, o(T) = 0 and integrate

the result over (0,7 to get

T T
~ et = [ (einwde = [
for all k =1,...,n, where we integrated by parts and abbreviated
fn = —(cyvpm - VO, wi) — (£(00r)VOen + 0|V, |" Vs, Vwy)
+ (20000 |Dvn|? 4 264190 (Ben, 00 )00nBen - Dvgy, wy).
It follows from the results above (cf. the derivation of (3.108)) that
fo— f weakly in LUt (0, T;R),

where
f=—(cove- Vs, wi) — (k(00) Vs, Vi) — w(K, Vwy)

+ (2v(00) Dve|* + 2ap1g.,(Be, 00)0,B¢ - Doy, wy,).
Thus, by taking the limit » — oo in (3.115), we arrive at

T T
(e wn) — / (cobe w)Ohp = / fo.
0 0

Making now a special choice

1 s <t,
() =¢1 -2t se(tt+e),
0 s>t+e,

where t € (0,7) and 0 < e < T —t, leads to

t+e

1 t+e
— (0§, wi) + 7/ (cobe, wi) = fope.
€ Jt 0

(3.115)
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Furthermore, we can take the limit € — 04 in this equation using (3.109) on the left
hand side and absolute continuity of integral on the right hand side to get

t
(el wn) + (coBat), wr) :/ .
0
Finally, taking the limit ¢ — 04 yields

tl_l)%lJr(eZ(t)? wk) = (90 7wk>?

for all k =1,...,n, from which (3.113) follows by exploiting the density of the set
span{wy }22, in L?(£;R). Hence, the identity (3.114) is proved and (3.112) hereby
simplifies to

limsup/ |V94n|”2§/K-V05. (3.116)
Q Q

n—oo

Since the operator w — |u|"w is monotone and continuous, it is standard to show,
using (3.116) and the Minty method, that

K= \VGATVGZ a.e. in Q

Hence, we proved that

T T T
/ <C7jat9z7 T> + / (vag -V, 7') + / (K(Qz)vez + W|V9z|TV9z7 VT)
0 0 0 (3.117)

T
=‘/'<2vaunmnwﬁ-+2augw03beUHABe»DvbT>
0
for all 7 € L™2(0, T; WH2((; R)).

Positive definiteness of B, and positivity of 6,. Here we follow the method
developed in [4], i.e., we use

Az = X(0,6)(Bex - — wlzl’)-z ® ,
in (3.96), where z € R4, ¢ € (0,7) and

f+ :max{ovf}v f- :min{()?f}'

Note that since « is a constant vector, the function A, belongs to the same space
as B, € L2(0,T; Wh2(Q; REX4)) N LI+2(Q; REXD) and is thus a valid test function

in (3.96). The key propert;yrgf A is that it ;}:;I:lishes whenever the smallest eigen-
value of By is greater than w (since Byy -y > wl|y|? for all y € R? in such a case).
Thus, we have
(A(Be) - w); (Be - @ — wlaf2) - =0,

which implies

9w(Be,00)A, =0 ae. in Q. (3.118)
Let us now evaluate separately the terms arising from the choice A = A, in (3.96).
For the time derivative, we write

/ (OB, Ag) = / (Oy(Byx - x — w|w\2), Bz - x — w|m|2),>
0 0 (
= 3lBex - @ — wlz*)_(1)[3 — 3| (Bex -  — wlz|*)-(0)[13

= 5[ Bez - = —wlz[)- (113,

3.119)
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where we applied Lemma 2 below for the Lipschitz function s — s_ and also (3.101)
and (3.57). Furthermore, using integration by parts and (1.13); and (1.7), we get

T t
/ (ve - VBy, Ag) = / (we- VB - — wlzl?), Bz - — wlz|?)_)
0 0

1 t
:7// (Bew - 2 — w|zf?)_ )2y -1 = 0
2 0 o0

and also
T t
/ (A(0,)VBy, VAy) :/ VAV (Be - & — wlz[?)_ |12 > 0.
0 0

Moreover, since w < wp, we have (B, — wpl)x -z < Byz - © — w|z|? and thus, the
assumption (3.10) yields

T t
/0 (P(QZ,BZ),Am):/O /Q(Bgm~m7w|w|2)_P(92,B2)w~m

t
= / / (Bgm-az—w\az|2)P(94,(Bg—wp]I)+wp]I)zc~:1: > 0.
0
{Bez-z<w|x|?}

In addition, the right hand side of (3.96) vanishes due to (3.118). Thus, using
the above computation in (3.96), we obtain

I(Bex - & — wl[*) - (¢)]|3 < 0
for all t € (0,T) (recall (3.98)), whence
Be(t)x - x > wlx* ae. in Q, for all t € (0,T) and for every x € R%.  (3.120)

Note that this immediately yields B, € R‘%d, IB%e_l € R‘%d a.e. in @, and thus

1 _1 1 d
B,!|=B,?B,?| < B, ?*=trB,' < —.
w
Also, using the identity
VB, ' =-B, VBB, ",
(which is standard for continuously differentiable functions and in general we can

approximate By by smooth mappings and pass to the limit) and (3.79) we conclude
that ]B%;l exists a.e. in  and satisfies

B, € L>(0,T; L (Q; REST) N L2(0, T; WhH(Q; RES)). (3.121)
Moreover, recalling 1. from (2.10) and using the simple inequalities
det B, > w? and [lnz| <z + %, x>0,
it is easy to see that
0 < ¢e(Be) < C[By| + g
and
96.(B0) = [T~ B7") - VBl < (1+ 1) 9B

hence
Ye(By) € L*(0,T; W2 (5 R>0)) N LIT2(Q; Rxo).
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Next, we prove positivity of §,. Since 8, € L"T2(0, T; WHT+2(Q; R)), we can use
the analogous method as before. Indeed, we start by choosing

T = X0, (0 —w)_ € LT+2(O, T; Wl’r+2(Q; R))

as a test function in (3.117) to get
Cy Cy
S 110 = w)- @15 = S 116 =)~ (013
t t
+ [ IR0 =)+ [ 190 =) (3.122)

= /Ot (20(6) Dve|® + 2ap9.(Be, 0)0,B, - Dvg, (0, — w)_) < 0.
Hence, using 6,(0) = 0§ > w in Q and (3.109), we obtain that ||(0,(t) —w)_|l2 =0
for all ¢ € (0,T), which means
Oe(t) >w a.e.in Q and for all ¢t € (0,T). (3.123)
Consequently, since VG;l = 9;2V947 we also obtain
0,' € L(0,T; L= (Q;R=0)) N L™2(0, T; WH 2 (Q; R+o)). (3.124)
From these findings we also easily read that

0 1
Vel < 11gg,),
9@ w

1 1
[Inbe] <O+ —<60+— and |VInb,| =
9@ w

hence
In@, € L"2(0, T; WhH"T2(Q; R)).

Entropy equation. In order to take the remaining limits ¢ — oo and w — 04,
we need to replace (3.117) by entropy inequality, whose terms are easier to handle.
From this equation, we then deduce that det B, and 6, remain strictly positive a.e.
in Q.

First, we rewrite (3.117) in the form
<Cq,(9t95, 7'> + (Cq)’l}g -V, 7') + (R(og)vgg + w\VGd”V@, VT)

3.125
= (2v(0¢) Dve|* + 2ap9. (B, 0,)0,B; - Dvg, 7) ( )

for all 7 € W1+2(Q;R) and a.e. in (0,7). Then, we take ¢ € W1H°°(Q;R) and
note that 7 = 6, '¢ can be used as a test function in (3.125) thanks to (3.124).
This way, we get

<Cv8t927 9%> + (cyvr - VInby, ¢) + (k(0)V In by, Vo) — (k(6,) |V Inby|?, §)

+ w(|VO|"VIn by, Vo) — w(|VO|"|VIn b, |*, ¢)

2v(0
_ (#mwﬁ + 2ay1g.,(Be, 0¢) By - Doy, ¢)

(3.126)

a.e. in (0, 7). Similarly, we observe that u(I—B; )¢ is a valid test function in (the
localized version of) (3.96) due to (3.121). Thus, we obtain (recall the computation
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between (2.11) and (2.13))
(0B, n(I — B, )¢) + (ve - Ve (Be), )
+ (P (0r, By) - (I - B; ), ) + (uA(00)[By * VBB, * [, ) (3.127)
= —(AM0) Ve (Be), Vo) + (2a190 (Be, 02)Be - Doy, )
a.e. in (0,7). If we define
Ne = ¢y Inbp — Y (By) (3.128)

and

2u(6
& = meﬁ + 1(00)|V In 0% 4+ w|VO,|"|V In 0,
0, (3.129)
+ uP (00, By) - (1= B, ") + pA(6,)|B, 2 VBB, * |

and subtract (3.127) from (3.126), we get

(cotiti 37} ~ OuBeslL = B; o) + (v T )

+ ((k(0e) + w|VO|" )V In b0y — A(0r) Ve (Be), Vo) = (&, ¢)

a.e. in (0,7) and for all ¢ € W1>°((; R).

Obviously, we need to rewrite the time derivative accordingly. Concerning
the term containing 9,0y, note that 1(s) = max{|s|,w}™1, s € R, is a bounded
Lipschitz function. Since 8, > w a.e. in @ by (3.123) and w < wp, we get

(3.130)

9[ 02 1
P(s)ds = / —ds=1nb,.
wp S

wp P

Thus, Lemma 2 below yields

d
(cs000, 57 = (b, 6).

Hence, if we multiply this by ¢ € W°((0,T);R) with ¢(T) = 0, integrate over
(0,T) and by parts, we are led to

T & T
/ <c7j3t947—>g0 = —/ /cv In 0,0 — / ¢y In 65 dpp(0), (3.131)
0 ¢ 0o Ja Q

where we also used (3.114).
Analogous ideas can be used to rewrite the second term of (3.130). How-
ever, since the duality (9;By, (I — B;l)gﬁ) can not be interpreted entry-wise, let

us proceed more carefully. We apply Lemma 1 below to obtain functions Bj €
CH([0, T); WH2(Q2) N L9+2(Q)) such that

||B; — Bg||L2W1,2qu+2Lq+2 + ||8tBZ — at]BZ”L? — 0 (3.132)

a+2 g+2
W-124q+1 [ q+1

L
as € — 04 and also A(Bf) > w a.e. in Q. Since By, € C([0,T]; L*(Q)) (cf. (3.98)),
we know that
IB7 — Bell2 = 0 uniformly in [0, T7. (3.133)
Furthermore, using (3.121), we can write, for any ¢ € W1>°(;R), that

V(I - (B7)e)| = [(B) ™ VB (BF) "¢+ (I (B)) ™)V

C C
< S VB0l + (1 n ) Vel
w w
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and thus, we eventually obtain that
(I—-(BS) Mo — (I-B, )¢ weakly in L?(0,T; WHH(Q; RE4D)) N LIT2(Q; REXD.

Sym Sym

By applying this with (3.132), we get, for all ¢ € W1°((0,T); R), ¢(T) = 0, that

T T
/ (015, (1 — (BS) ")) — / (0,Be, (1 — B; ) )o
0 0

T
< g _ —
_/0 [(0:BF — 0By, (1 — (BF) ")) | ] (3.134)

+

T
/0 (OB, (I — (BF) )¢ — (I — le)¢>'
—+0 ase— 04.

On the other hand, using 8,85 € C([0, T]; W2(Q; RE<4) N LIT2(Q; RE%Y)), we find

sym

T T
/ (OB, (I — (B5) ™) = / (O (BS), )
0 0

— [ wuBi0)0p(0 //weza%quatso

To take the limit in the last two terms, let us first remark that the set

{AeRP>d: Ax-x>w forall x € R}

Sym

(3.135)

is convex in R&XY. This and (3.120) imply, for any s € (0,1), that
1

|(Be + s(BF —By)) ™| < tr(Be + s(B; —By)) ™' < dA(IB%ngs(IEB “B) g%

a.e. in 2. Thus, by the mean value theorem and (3.133), we get

[ v - v@or = [

1
<C (1 + ) B —By|l2 = 0 uniformly in [0, 7]
w

1 2
/O (I— (Be + s(B; — By))™) - (BS — By) ds

(3.136)

as € — 04. Similarly, using (3.98) and (3.101), we can also show that
e(Be) € C(0, T3 L* (4 R)),  e(Be(0)) = e (BY). (3.137)

Using this and (3.136), we take the limit € — 04 in (3.135) and compare the result
with (3.134) to obtain

/0T<3tB€7H(H —B; o)y = / e (BE)dp(0 / / Ve(Be)pdyp  (3.138)

for all ¢ € WHo°(;R), o(T) = 0, and every ¢ € WH(Q; R).
Finally, if we subtract (3.138) from (3.131) and use (3.128), we can rewrite
(3.130) as

T T
- / (1, e — (15, 8)0(0) — / (wene, Vo)
0 0

. (3.139)

T
+ / ((5(00) + W|V86]")V 106, — A(00) Vb (Be), V) = / (€ 0)¢
0 0
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for all o € WH2°(0,T;R), o(T) =0, and ¢ € WH°(Q; R), where
0 = ey 6 — o (B)
Moreover, since In6, € C([0,T]; L*(€;R)) and (3.137) hold, we easily read
we € C(0,TE A R)),  7e(0) = 1 (3.140)

Total energy equality. The integrated version of the total energy equality is
important in the derivation of the a priori estimates below. We multiply the i-th
equation in (3.95) by (v, w;), sum up the result over i = 1,...,¢ and then we
add (3.117) with 7 = 1. This way, after several cancellations using also (1.13),, we
obtain

d
—/ E;=(f,vy) ae. in (0,7T), (3.141)
Q
where E; = 5 Llve)? + ¢, 0.

{,w-uniform estimates. Here we shall derive uniform estimates needed for the
final limit passage. The fact that these estimates are uniform with respect to both
¢ and w saves us some work (in exchange for a slight non-optimality with respect
to w).

Let us first show that the total energy of the fluid remains bounded. In (3.141),
we apply Young’s inequality, (3.29) and 6, > 0, to estimate

1 1 1
[ Ee<s ey [1eP< [ Boeg [1ep
Q Q

a.e. in (0,T). Hence, by the Gronwall inequality, we get

/Eg (/QEg(O)+2/O f|§> for all t € [0, 7).

Then, we apply (3.102), (3.114) to identify that
1
E@(O) = §|ng0|2 + CUHSJ
and if we use properties of Py, (3.59), (3.29), we arrive at

[16ell oo s + Vel oo re < CllE||poerr < C. (3.142)

Now we turn our attention to (3.139), which we localize in time by choosing”
© = X(0,t), leading to

/Qm(om/ot/ﬂj[w:/Qng¢+/0t/95e¢ for all € W (Q;R) (3.143)

and all t € (0,T) (in fact, for all ¢ € [0, T due to continuity of both sides of (3.143)),
where
Jo = —vene + (5(00) + @[V ")V In b, — A(6r) Ve (Br) € L (Q;RY).

In particular, taking ¢ = 1, we deduce, using & > 0, that the function ¢ — [, 7,(t)
is non-decreasing, and thus

/ :trer[lg?]/ / :tglg)}/an(t)*/QWBJ:/QUK(T)*/Qng. (3.144)

7Strictly speaking, as X(g,) is not Lipschitz, we can not use it directly in (3.139). However,
a standard argument using a piecewise linear approximation of X (o ) with the Lebesgue differen-
tiation theorem and absolute continuity of integral shows that x(q,¢) is a reasonable test function.
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Then, using (3.128), the inequalities
Inz<xz—1 forallz >0 and .(B;) >0, (3.145)
assumption (3.30) and (3.142) (recall also (3.109)), we obtain

[ < [emoun) -v@oy o< [ o -nic<c @i
Q Q Q

hence

[€ellpazr < C. (3.147)
Also, it is easy to see using (3.144), (3.60), (3.59), (3.29) and (3.30) that

el Loerr < C. (3.148)

Estimate (3.147) implies, using (3.2) and (3.9), that

18, * Dl 2z + VROV Iyl 22 + ][ V6|5V In byl 2 (3.149)
_1 -1 .
+ B, * VBB, * 1212 < C.

In what follows, we improve the uniform estimate (3.149) considerably by choosing
appropriate test functions in (3.96) and (3.117) and then using (C;) and the defi-
nitions of p, R, o to estimate the right hand sides.
Our aim is to test (3.96) by the ]B%?fl. To verify that this is a valid test function,
we show first that By is actually essentially bounded. Indeed, taking A = x (g )¢,
€ (0,T), ¢ € LIT2(0,T; LIT2(Q; R)) N L2(0, T; WH2(Q;R)), in (3.96) yields

/0<(9ttng7¢>—|-/o(U'Vtng,qﬁ)—f—/O(P(@,Bg)-ﬂ,(b)—‘r/o()\(GZ)VU"B@,V¢)

t
= / (QGQW(BZ, GZ)BE ' vaa ¢)7
0

hence, recalling (3.8) there exists a constant Cy > 0, such that

t t t ¢
/0<6ttrIB%g,¢>+/O (v~Vtng,¢)+/0 (M0)V tr By, Vo) SCO/O |o|.

Substituting u(x,t) == tr By(x,t) — Cot leads to

/0t<8tu7¢> + /Ot(v -Vu, ¢) + /Ot()\(é)g)Vu,ng) < Oy /Ot(|¢ — 9).

If we choose ¢ = (u— K); and use (1.7), (1.13), to eliminate the convective term,
we obtain

1
sll(u®) = K)+ ]l + /ll\/ 00V (u—K)+|3 < *ll(U(U)—K)+||§-
If we let K := £, then (3.101) and (3.58) imply
(u(0) — K)4 = (0B — 2)+ < (Vd|BF| — 2)4 =0
in Q. Thus, we get [[(u(t) — £),[|3 =0, hence
‘Bd Stng S g +Cot§ %—FC()T

and we see that indeed
By € L(0, T; L= (0 RESM) N L2 (0, T; WH2(Q RES ).
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We claim that the same property holds for Bg_l. Indeed, boundedness is easy to
see using a spectral decomposition, while the gradient can be computed from the
identity

VB! (3.150)
1 p1

=(a—1)// B D (1= )1 + tBy) P VB((1— 1)1 + tB,) "BV ds dt,
0J0

which is a consequence of the well known identities for Vexp A and VlogA, see
[43], [44] or [3] and references therein for details. Since

(A=t)T 4 tBy) ™| < VAA((1—t)T + tB,) "' < VK
we read from (3.150) that VB] ' € L2(0,T; L*(R x R&x)), hence
By ' € L0, T L¥(%RLET) N L2(0, T3 W RLG)
can be used as a test function in (3.96). This way, using (3.7), the identities®

1
(0B, B 1) = — [ O, trBY,
0 Ja

1
(v~V]B%g,]Bg_1):—/v-VtrIB§§:O
0 Ja

and the estimate

Ao

VB, - VB! > 7)|VIE€>2|2

from Lemma 3 (iv), (v) below, we get

2 [wmz - usgop e [ [+ 220 [ eowalp
—2a// (B¢, 6,)Du; - BY.

If we apply (3.101), (3.4), g, < 1 and |BJ| < max{1,d" =" }|B,|° (see [3]), we deduce
t t t
/(tr]ﬂsg<t)_tr]aag)+/ \Mﬁu/ IVBZ |? < c/ IDwy|[Be|°. (3.151)
Q 0 Q 0 Q 0 Q

Then, by (3.59), (3.29) and Young’s inequality, we arrive at
o qto
el e + BT v + [VBE s < O ClDwl e i, (3152)

where the right hand side is finite due to (3.86).

Next, we use (3.152) and (3.117) to improve the information about 8, and Dv;,.
For any 3 € [0,1), we can show that 8, ” € L"2(0,T; W+2(Q))NL>(0, T; L(R))
similarly as in (3.124), and thus 753 = —0;6 is an admissible test function in (3.117).

8To interpret the duality pairing in the first identity, one has to approximate B, similarly as
before when dealing with (9;By, (I — le)@‘
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Using Lemma 2 with ¢(s) = — max(s,w)™” to rewrite the time derivative, (3.142)
with Young’s inequality, integration by parts, (1.7), (1.13), and (3.3), we obtain

T T T T
/ <Cvat95, Tg)-i—/ (Cu'UZ . ng T5)+/ (H(Q@)V@g, VT5)+UJ/ (|V94|TV0,Z, VTQ)
0 0 0 0

—015(T)) + /Q 07~ Pr(00)| V0,

2
_C (3.153)

Co
>
r+1—38
> 05/ ’V942
Q

We use this estimate in (3.117) with 7 = 73 to deduce, using also g, < 1, Holder’s
inequality and (3.152) that, in the case o < ¢, we have

ﬁ/ ’va’ 5

/9 ﬂ|m>w|2<c/ 617 |By||Doe| + C

1_,

< clle, ||2(q+g>QuBe||q+aQ||e Dol +C

< C'||9£||<2 ﬁ)(q+a) Q”DWHHU Q||9 2ID)'UK||2 Q
aFo=2 (3.154)

1_,

+C||9€H(2 B)(a+o) QHH D'UZ||2Q+C

qto—2

< C||9€||<2 B)(ato) Q”eﬂqu; H 2DWH2~Qq

qt+o—2

+C||94H(2 5t Q||0 DW||2Q+C

qto—2

while if ¢ = ¢, we omit the final step to get

r4+1-—8 2
[3/ ‘vee 2 ‘ +/ 0, " |Dv,|? (3.155)
Q Q

_B
, 2 Dvgllaq + C.

bt
< Cl00ll i3y IPve 2 0 16

Thus, using ¢ > 1, (q +1) = 2¢’ and the Young inequality, we arrive at
r+1-—8 2 —B
B/ )V@Z 2 ’ +/ 0, " |Dv,|? (3.156)
Q Q
2—
< Ol an_ + OO e s, + €
qt+o—2 Q ’ q+o—2 Q
if o < ¢ and
tip
ﬁ/ ’ve 2 ‘ /9 P |Dwy|? (3.157)

< C||9fH(2 B)q ;Q”DUZHQ QT CHQEH(Q 8)qQ T ¢
if 0 = g, respectively. Next we focus on the case o0 < q. Let us define

(ra — 1)(q+0)}’ B, = mm{l’ (ra + 1)(q—0)}

Bo = max{O,rdJrlf 5 %
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and note using o > 1 and r4 > 1o (i.e. (Cy1)) that
0<By<pri <1l

Then, by a routine computation one can verify that the inequality

max{(%ﬂ)qiii?ﬂgfggrﬁl—ﬁ (3.158)
holds if
ro<rqg<rp and Sy <pB<p, (3.159)
or
rg>ry and 0<pB< . (3.160)

Thus, by application of (3.158), the Holder inequality, an interpolation inequality,
the Sobolev inequality, the Poincaré inequality and (3.142), we get
19ell e=sr0ato1 o + 10ell staren. o < Clellris1-p50

2 d(r+1—p)
S C||05||d(r+1—6)+2 ”0 Hd(H—l [3)+2

Lot (r+1—8)
o r+1— ﬂLd 2 (3.161)
< 0”9 2 Hm
Ldi—d2
+1—
<c|ve, T IIE%EE rire
Using this in (3.156) applying Young’s inequality and ¢’ > 1, we obtain
_ ool
3 [ [0+ [ o pud < ClbIEL R g + ML+ €
(3.162)

t1_p 224 =B)

<CHVO S P A el

where the last exponent is strictly less than two due to 2¢' < rq + 1 (which is
equivalent to (C1)). Hence, we can apply the Young inequality in (3.162) to finally
get

5/ ‘ve N ‘ /9 B D2 < C(8) (3.163)

for any r, 8 fulfilling (3.159) or (3.160). In case that (3.159) holds, we make
the optimal choice 8 = By and note that

rHl=fo_ 1 (a=Dlato) R

2 d 4 27
cf. (3.27). Then, from Hoélder’s inequality and (3.161), we deduce

_Po Bo
IDvelln < 16, ¥ Docllz@l6 I, nuts-s g < C:
0

where (recall (3.26))
_2Td+1—ﬂo _rg—1
a ra+1  ra+1

In the special case ry = r1, we can repeat the above estimates without 8 = (g,
choosing instead 8 > 0 arbitrarily small. Finally, if r4 > 71, we can improve

(¢ +0).
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the information on Dv, simply by taking 7 = —1 in (3.117). Then, using similar
computation as above with [ chosen as to satisfy

qgto qto

0 i { 1-2 , —1}: 129979 3.164
< B <minqrq+ T ra+ R ( )
and using (3.152), (3.161), o < ¢, we obtain
[ Do <€ [ 6uiBiiDon < PRl lDoelzelfel sasey o + €
Q Q ato=2
1
<C (llDWLU;Q + 1) IDvell2:0l0cllrg+1-p:0 + C (3.165)
r+1—
Hence, using 1 + % < 2, (3.164), Young’s inequality and (3.163), we get
r+1—8 2
5/ ‘we 2 [ e <o) (3.166)
Q Q

for any f satisfying (3.164). Finally, it remains to consider the excluded case o = q.
However, in this situation, we have r; = rg < rg, and thus we can take 7 = —1
in (3.117) as before. This way, adding also (3.157) and using analogous estimation
as in (3.165), we obtain

/ |]D)’Ug|2

[

< C [ 0Byl + ClBl Qmwmg+9+c

(3.167)

q r4+1—
= C<||D”42;Qq + DW”Z;Q) (IIV@Z 2 ||w+1 i )

2 r+1—8 2(21ﬁ)
+C (||Dw||5;@ + 1) (|vaz Tl 1) +C.

If we choose 8 as in (3.164) and use Young’s inequality, noticing that
2(2 — 2q¢' — B¢ -1
(2=8) o2 —Ba _2(1_ (4 )5) <o,
ra+1—p 2q - p 2q - p

we again conclude that (3.166) holds.
To summarize the estimates up to this point, we proved (3.147), (3.148), (3.149),

HVHE%HL"‘L2 + 10ell prapra <C (3.168)
and
[Dve||prre < C. (3.169)
Moreover, we deduce from (3.152), (3.169) and
q:a:(q+a)(1—22> (Q+U)<1—rdil>=p (3.170)
that

IBellzocre + | Bellpatopate + | VBE | 2z2 < C. (3.171)
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Next, the combination of the Cauchy-Schwarz inequality and (4.20) yields
1 1 1 1 1 1
[VBe| < [B||B, * VBB, *|[B7| = Vd|B||B, * VBB, *|.
Then, since g+ o > 2, we deduce by appealing to the Holder inequality and (3.79),
(3.171) that
VB[ -1~ < C. (3.172)
Below, we derive the uniform estimates for the time derivatives. To this end, we
need to determine integrability of the non-linear terms in (3.95), (3.96) and (3.139).

It follows from an interpolation inequality, Korn’s inequality, (3.142) and (3.169)
that

2 _d_
[vell asz a2 < Clloell p27aDuell sz, < C. (3.173)
We remark that (3.26) and (Cz) imply
2
P (1 + d) > 2. (3.174)
Furthermore, the Holder inequality, (3.168) and (3.152) yield
||(9@]B(||Lp[,p <, (3.175)
Hence, as d > 2, we read from (3.95) that
|0ve|l  ays a2 <C. (3.176)
LP 2d W 2d

n,div

Next, we focus on the non-linear terms in (3.96). There, we integrate by parts in
the convective term with the help of (1.13);. Then, using Hélder’s inequality and
(3.152), (3.173), we observe that

IBe ® vel| s s < C, (3.177)
with
1 1 \1? 1 1\1
Slz(querT%) >(q+0+§) =z, (3.178)
where we used (3.174). Moreover, making use of (3.171) and (3.6), we obtain
1P(00 Be)||pearee < C, where g = Zij <z (3.179)
Furthermore, using (3.171), (3.169) and Holder’s inequality, we get
[(aDve + Woe)Be|[sass < C, (3.180)
where )
53:L+l:1iL Zi?:w (3.181)
qto p rq—1

(using rq > 19). Thus, we read from (3.96) using (3.172), (3.177), (3.178) and
(3.179), (3.180), (3.181) that

C > [|0:B|, > C|0:Be|

LY W12 L2 Lo2)x =

LeaW—Loz, (3.182)

using some trivial embeddings.

Finally, we examine the non-linearities related to (3.139). There, since & is
controlled by (3.147), the problematic terms could be only on the left hand side.
To get an appropriate uniform control over the convective term, we estimate

Ne <M+ Ye(By) =c,Inbp <, (6 —1).
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This, together with (3.142) and (3.148), yields

Hln@gHLmU S C. (3183)
Then, since (3.149) and (3.3) give
||Vln0g||Lsz S C, (3184)
we can use Sobolev’s inequality, Poincaré’s inequality and an interpolation to obtain
1 _d_
o 9(||L2+%L2+% < Ol bl ;5 b 5500 < C. (3.185)

Now we observe that a similar reasoning applies also for the quantity Indet B,.
Indeed, using (3.148), (3.183), (3.152) and (3.128) in the form

1
IndetBy = —(n¢ — ¢y Inby) + tr By — d,
I

it is clear that
Ilndet By||poorr < C. (3.186)

Further, the estimate of its derivative follows from a version of Jacobi’s formula
(see Lemma 3 below) and (3.149) as

_1 _1
||V1n det BZHLQLQ = ||tI‘(BZ 2 VBZBZ 2 )||L2L2 S C. (3187)
Hence, using again the Sobolev, the Poincaré and interpolation inequalities, we get
HlndetIB%gHLH%LH% <C. (3.188)
From (3.185), (3.188), (3.152) and (3.128), we deduce
|mellearea, where sq=min{2+ 2 g+ 0} > 2, (3.189)
and thus
lvene| <C, wh ( d +1)71>1 (3.190)
s5[,55 s where Sy = |—F——— —_— . .
enellLss Les > 5 pd+2) " s

due to (3.174) and (3.189). We remark that, since
Vi = ¢,V In 6, — p(tr VB, — tr(B, * VBB, ?)),
we also have, using (3.184), (3.172), (3.149) and Poincaré’s inequality that
el Lews < C. (3.191)

Looking at (3.139), we still need to verify that the flux terms are controlled. For
the term k(6,)V In6,, we use Holder’s inequality, (3.3), (3.168) and (3.149) to get

HR(W)WDWH%;Q < VA 224 6V R0V Inbell2o < C, (3.192)

where note that Ry > r4 due to (Cy). Let us derive an estimate on w|V6,|"V In 6y,
from which it follows that this term vanishes as w — 0. The number

. Rd<7" =+ 2) . Rg—r
TORy(r+1)+r Ry(r+1)+r
is greater that one due to Rgy > rq > r and satisfies
W = R..

r+2—y(r+1)
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We also remark that (3.149) yields
r+2
N AL ) (3.193)
Qo U

Using this information together with (3.168) and Holder’s inequality leads to

1

vo,|+y .\’
L
Q@ 9

r41 YA
rr2Y

1
Y

Sw‘

rtl 21 ‘ 4 2
2y IR e e Q

’|V9£|(T+1)y v sy
o

14

r41
1 |V9@|r+2 T2 3 _1_
S wri? (UJ R ”(%HRZ?Q < Cwr+z. (3.194)
Q L
From this and from (3.192), (3.187), (3.149), (3.139), we see, using the definition
of a weak time derivative, that

[0emel| 1w -2 < C, (3.195)
where M is so large that W2(Q; R) < WL ((Q; R).

The final limits w — 0, { — oo. Let us note that the estimates above are
independent not only of ¢, but also of w (except for (3.193), which is used only to
infer (3.194)). Hence, to spare us some work, we set w = £~! and hereby, it remains
to take the limit £ — oo only.

By collecting the estimates (3.142), (3.169), (3.176), (3.171), (3.172), (3.182),
(3.189), (3.191), (3.195) and using the Aubin-Lions lemma and Vitali’s convergence
theorem, we get the following results:

v — v weakly in LP(0, T; W, 5,.), (3.196)
v v strongly in Lpd%f)(Q;Rd) and a.e. in @Q, (3.197)
. dt2 —1,p%t2

Oyvp — v weakly in LP724 (0, T, W, 4, ** ), (3.198)
B, —~ B weakly in L*(0,T; Wh*(; RY), (3.199)
B, — B strongly in L7 (Q; ngxn‘f) and a.e. in @, (3.200)
0By — O,B weakly in L*(0,T; W52 (Q; RELT)), (3.201)
Ne — 1 weakly in L*(0,T; Wh2(Q; R)), (3.202)
e — 1 strongly in L54)(Q; R) and a.e. in @, (3.203)
=Y weakly in LB(Q;R). (3.204)
Now we explain how to take the limit in equations (3.95), (3.96), (3.139), (3.141)

and then, we also identify the corresponding initial conditions. First, we focus on
taking the limit in the function g1. From (3.120), (3.123) and (3.196), (3.199) (or

(3.197), (3.200)), we obtain
Br-x>0 forallz e R? and 6>0 ae. inQ, (3.205)
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however, we need these properties with strict inequalities. To this end, we use
the Fatou lemma, (3.200) and (3.186) to get

/ |Indet B| < liminf/ |IndetBy| < C ae. in (0,T).

Thus, by taking the essential supremum over (0,7"), we obtain

lndet B||poop1 < 00, (3.206)

which, together with (3.205) implies
Bx-x >0 forallxzcR? ae. in Q. (3.207)

Then, note that, by (3.128), we have
coInp = ng + e (By) (3.208)

and, by (3.203), (3.200), the right hand side of (3.208) converges a.e. in Q. There-
fore, we also have

cwInby - n+1Y.(B) ae inQ (3.209)
with the limit being finite a.e. in @ thanks to (3.207). This we can rewrite as

0y — exp (Cl(n + 1/16(15%))> a.e. in Q,

(

where the limit is positive and finite a.e. in (). But looking at (3.204), this yields

6 = exp ( ! (n+ we(B))) >0 ae. inQ, (3.210)

o
which is (1.5), and
6 — 60 ae in Q. (3.211)

From (3.207), (3.210) and the point-wise convergence (3.199), (3.211) we deduce
that, at almost every point (t,z) € @, we can find M;, € N such that for all
£ > M; ; we have

ABe(t, 7)) > %A(]B%(t,x)) > % and  0,(t,7) > %e(m«) > %

Then, looking at the definition of gy, we see that at almost every point (¢,z) € Q
and for ¢ > M, ,, the positive parts max{0, -} can be removed and thus, it is clear
that g1 (By, 0y) converges point-wise a.e. in @ to 1. Hence, the Vitali theorem and
0< g1 < 1, imply

g1 (Be,0¢) — 1 strongly in L°°)(Q;IR). (3.212)

Therefore, regarding the first two equations (3.95) and (3.96), we can take the limit
in the same way as we did in the limit n — oco. Indeed, the integrability of the result-
ing non-linear limits was already verified when estimating d;v, and 9;B, ((3.173)—
(3.180)). This way, taking (3.212) into account, using the density of span{w,}$°,

a+2ys
in W:l’,fﬁvzd ", integrating by parts in the convective term of (3.96) and extending
the functional 0;B to the space stated in (3.37) using (3.182) and
2
2= 20g+o) and sh = q—|—a,
q+o—2 o—1

we obtain precisely (3.44) and (3.45).
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Next, we show how to take the limit in (3.139). We need to prove that

I

1 1 1
ng =cynff —p(trBf —d—IndetBf)

(3.213)
= cyInfy — p(trBy — d — Indet By) = no, ¢ — oo,

in L1(Q), at least weakly. Using (3.60) and (3.59), we estimate
| < ol 65| + (| trBF| + d + | Indet By |) < C(|Inbo| + [Bo| + | Indet Bo| + 1),

where the right hand side is integrable by assumptions (3.29) and (3.30). More-

over, the function né/e converges point-wise a.e. in {2 due to (3.61) and (3.62). Thus,
the limit (3.213) indeed holds (even strongly in L!(Q)) by the dominated conver-
gence theorem. In order to take the limit in the convective term, we use (3.197),
(3.203) and (3.190). Next, in order to identify the objects VInf and VIndet B,
note first that (3.185), (3.188) with (3.211), (3.200) yield

In, —1Ind weakly in L2t (Q;R),
Indet By — Indet B weakly in L>T4 (Q;R).

)

This, together with (3.187) and (3.184), implies

Ving, — Ving weakly in L*(Q;R?), (3.214)
Vindet B, — VindetB weakly in L?(Q;RY). (3.215)

Then, for the term «(6,)V In6,, we use (3.1), (3.3), (3.168) and Vitali’s theorem to
find that

VE(0) = \/Kk(0) strongly in L@)(Q;R)7 (3.216)

where we recall that Ry > 4. As an immediate consequence of this and (3.214),
we get

VEO)VIng, — \/k(0)VInd weakly in L' (Q; R?). (3.217)

However, this weak convergence is true (up to a subsequence) also in L?(Q; R?) due
to (3.149). Therefore, using again (3.216), we obtain

k(0)VInb, — k(A)VIng weakly in L*(Q;R?).

Next, the term containing w|V6,|"V In 6, tends to zero by (3.194). Furthermore, in
the term pA(0,)V tr By, we use (3.1), (3.4), (3.211), Vitali’s theorem and (3.199).
Analogously, we take the limit in the term pA(6y)V Indet By, only we use (3.215)
instead of (3.199).
Now we take the limit in the terms on the right hand side of (3.139). From
(3.149), we deduce that there exists K € L*(Q; R‘Siyxnﬁl) such that
2v(0y)

7 Dv, = K weakly in L?*(Q; RX%). (3.218)
0

Sym

For ¢ € (0,1), let h. : (0,00) — [0, 1] be a smooth function satisfying

s > ¢€;

1,
hs(s):{o s<§
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and define
2v(0 2u(0
feo = he(00) 0( Z)DW, fe == he(0) 9( )DU
¢
For fixed € > 0, the function
2u(0
e(00)y [ 2522
1

is bounded independently of £ and converges point-wise due to (3.211) and (3.1).
Thus, using the Vitali theorem and (3.196), we find

Jer ;= fe weakly in LY(Q; R, (3.219)

Sym

Next note that, by Holder’s, Chebyshev’s inequalities and (3.183) we have

2v(6 2v(0 1
[ oo =m0 < [ 2y < cpfor <
Q Oc (oo<ey | Oe
1
1 C 2 C
<CH{—Inby > —Ine}|? < Iné <
for all £ € N. Hence, using (3.218), (3.219) and weak lower semi-continuity, we get
o s QV(GZ) C
— K| < liminf - Dv )< ,
/Q|fa | < limin /Q feu %, e
and thus, for € — 04, we obtain
f- - K strongly in L' (Q; Rg;n’f). (3.220)
On the other hand, since 6 > 0 a.e. in @ by (3.210), it is clear that
2v(6
£ ”é Do ae. in Q. (3.221)
Therefore, from (3.220) and (3.221), we conclude
K= 2v(6) Do

9 )
which, using (3.218) and weak lower semi-continuity of ||-|| 22, finally gives

2 2
lim inf v(6) Do, |* > / M|ID)U|2.
{— o0 Q 0[ Q 0

In the next term x(6)|V In6,|?, we can use the weak lower semi-continuity di-
rectly since we already proved that (3.217) is valid in L?(Q;R?). Moreover, the aux-
iliary term w|V6,|"|V In6,|? is simply estimated from below by zero.

To take the limit in the term P(6y,B,) - (I — B, '), we use (3.211), (3.200) and
apply Fatou’s lemma (using (3.9)).

To handle the limit in the last term of (3.139), we use again the function h., but
this time, we define

F.y = he(det Be)v/A00)B, > VBB, >, F. = h.(detB)\/A(0)B~* VBB,
Let G € L?(Q;R% x RZX4) such that

sym

VA00)B, VBB, * —~ G weakly in L2(Q; R% x R, (3.222)
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For £ > 0 fixed, the function

H.o = \/he(det B,)y/A(@0)B;

is bounded and converges point-wise a.e. in @ due to (3.200) and (3.211). Thus,
using Vitali’s theorem and (3.199), we get

Fg,g:HE,gV]B%gHMZA F. weakly in L'(Q;R? x REX4), (3.223)
— 00

sym

Moreover, using Holder’s and Chebyshev’s inequalities and (3.186), we find
F.o—/N00B, > VBB, ?| < / VAO)|B, P VBB, ?|
{det B, <e}
< Cl{detB, < €}|? < C'|{—IndetB; > —Ine}|?
1

C 2 C
< — Indet B <
~ vV—lne </Q| é|) ~ vV—lne

for every ¢ € N. Therefore, from (3.222), (3.223) and weak lower semi-continuity,
we deduce

/ |F. — G| < liéminf/ ng’e - A(eé)Be_%VBfBe_%’ S 7=
Q — 00 Q

Q

—Ine

hence
F. — G strongly in L'(Q; R? x nganli)
Since det B > 0 a.e. by (3.207), we also have that
F. = \/A(O)B 2VBB~? a.c.in Q.
Thus, we identified that

= /A0)B 2VBB 2

and, by (3.222) and weak lower semi-continuity, there holds

liminf | A(6)) ‘B;%VIBZIB

_12 1 12
" 2/ A(0) ‘B—fvw—f

Using the argumentation above to take the limit £ — oo in (3.139), we obtain
(3.46).

Finally, to take the limit in (3.141), we first note, using (3.102) and (3.114), that
it implies

//Eg@tqb / (L1 Pywol? + 60 )6 //f vid (3.224)

for all ¢ € C*([0,T];R) with ¢(T) = 0. Then, recalling (3.197) with p(1+ 2) > 2
and (3.211), we see that F; = £|ve|? + c,0, converges strongly to E and thus, using
also properties of P, and (3. 62) we can take the limit in (3.224) to conclude

/ /Eatqs /qus / /f v, (3.225)

where we set Ey = 5 Llvg|?4-c,bp. In particular, by choosing an appropriate sequence
of test functions ¢, we obtain (3.47).
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Attainment of initial conditions. To finish the proof of (1), it remains to iden-
tify the initial conditions and show that they are attained strongly. Note in partic-
ular, that we search for the initial condition for the temperature while now we only
have the entropy inequality at our disposal. Let us start by an observation that v
and B are weakly continuous in time. Indeed, first of all, we recall that

_1pdt2
v e L%(0,T; L2 RY), v € LP3T (0,T;W,, 17 %" (2 RY)), (3.226)
B e L®(0,T; L7 (% RYY), 9B € LV (0, T; W 15T (RED),

cf. (3.171) and (3.182). From this and (3.226) we obtain, by a standard argument
known from the theory of Navier-Stokes equations (see e.g. [33, Sect. 3.8.]), that

v € Cyu([0,T); L2(4RY) and B € Cu([0, T); L7 (4 RY)). (3.227)

Then, to identify the corresponding weak limits, we can use an analogous idea as

in the part where the limit n — oo was taken together with (3.61). This way, we

obtain

lim [ v(t) w= / vo-w for all w e L*(QRY) (3.228)
Q Q

t—04

and

lim [ B(t)-W = lim B?W: / Bo-W for all W e L7 (;RELY). (3.229)
=04+ Jo L—oo Jo Q

Unlike in the theory of Navier-Stokes(-Fourier) systems, we can not draw in-
formation about limsup,_,q, [v(t)[|3 from the (kinetic) energy estimate directly
because of the presence of OB in (3.44).% Instead, we need first to combine the total
energy and entropy balances to obtain the initial condition for 6. In (3.225) we
choose a sequence of test functions ¢ approximating the function x4, t € (0,T).
This way, after taking the appropriate limit, we arrive at

/QE(t):/QEo—&—/Ot/Qf-U for a.a. t € (0,7). (3.230)

From this (3.29), (3.228) and weak lower semi-continuity, we get

t
/(§|v0\2+cv90) :esslimsup/(%|’U(t)|2—|—cve(t)) ~ lim / 1Fllallo]ls
Q Q =04 Jo

t—04

Zliminf/ %|v(t)|2+esslimsup/ ¢, 0(t)
Q Q

t—04 t—04

2/ %|UO|2+esslimsup/Cv9(t)7
Q Q

t—04
hence
esslimsup [ 6(t) < [ 6. (3.231)
=04 Q Q

To obtain also the corresponding lower estimate, we need to extract the available
information from the entropy inequality (3.46). To this end, we localize (3.46) in

9For that, we would need p > %.

(C5).

This condition is stronger than (C2), but weaker than
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time, using a sequence of non-negative functions approximating xo¢. This way,
we eventually obtain

/Qn(t)w/ot/ﬂjwz/Qnow/ot/gw (3.232)

a.e. in (0,7) and for all ¢ € W ({2;R>(), where
ji=—vn+r(0)VIne — pA(A)V(trB — d — Indet B) € L*(Q; R?).

Hence, by taking essliminf, o, of (3.232), we deduce

essliminf/n(t)¢2/no¢a
t—=04 Q Q

which is (3.51).!% Let us now fix ¢ € C*(€;R>¢) such that [, ¢ = 1. Since v, is
convex, we get from (3.51) and (3.229) (or (3.49)) that

/cv 1n90g0:/7)0<p+/ we(B)gogessliminf/ gp—i—hmmf/ Ve (B
Q Q Q =0+ Jo

< im i .
< esigrgl+1nf ; cyInf(t)p

If we use this information together with Jensen’s inequality and the fact that
the function s — exp(3), is increasing and convex in R, we are led to

1 1
exp <2/ In 90(,0) S exp <2 esstlirn lnf/ ln@(t)go)
Q —04 Q

= ess lim inf exp (/ In+/0 <p) < ess hm inf \/ t)p.

t—04

(3.233)

Since esssup g, 1) V8|2 < oo, there exists a function h € L?(Q;R>), such that

esslim/ VOt = / hy  for all ¢ € L?(R). (3.234)
Q Q

t—04

Using this in (3.233) gives

1
exp <2/er100gp) §/th0. (3.235)

In every Lebesgue point zq € € of both Infy and h, we can localize inequality
(3.235) in Q by choosing a sequence of functions ¢ that approximates the Dirac
delta distribution at zo € Q. Indeed, appealing to the Lebesgue differentiation
theorem, we get this way that

exp(3 In6(zo)) = \/bo(wo) < h(wo),

1OUsing a similar technique, we could prove that 7 is essentially lower semi-continuous on [0, T
in the weak topology of measures.
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and, consequently, also vy < h a.e. in . From this, (3.234) and (3.231), we
deduce that

ess lim sup||\/0(t) — v/6o3
t—04
§esslirnsup/ G(t)erssliminf/ \/G(t)\/00+/ o
Q =0+ Jo Q

t—)0+
g2/90—2/h\/%§0.
Q Q

Hence, by Holder’s inequality, we get

esslimsupl|6(t) — o1 = esshmsup/ ’ \/7+ V6 ) (\/7 f)‘
t—04
< Cesslimsup||/0(t) — /bo|]2 =0,
t—>0+

which implies (3.50).
Using information above, we can now improve the initial condition for v as well.
Indeed, from (3.230), (3.50) and (3.29), we obtain

esslim sup/ tlw(t)]* <esslimsup [ E(t) —essliminf [ ¢,0(¢)
t—0, Q t—04 Q =04 Q

¢
E0—|— lim (f,v)—/cveoz/ %|v0\2.
Q Q

t—0.

Thus, using also (3.228), we conclude that

ess lim sup||v(t) — vol|3 = esslimsup/ lv(t)]? —|—/ lvo|> =2 lim [ w(t)-ve <0,
t—04 t—04 Q Q =04+ Jo

which implies (3.48).

It remains to identify the initial condition for B. To this end, we can test (3.96)
by (6 + |B¢|?)Z ~ By, where § > 0. That this is a valid test function can be verified
using similar ideas as above (when testing (3.96) with B°°~!) and noting that

V(8 + [Be?) T ' By) = (6 + [Be>) T (T + (00 — 2)(5 + |Be|?) "' B, © B) VB,

Moreover, we have the following identities and estimates:

1d o0
OB 6+ B2 B = < [ 6+ B,

(ve - VBy, (6 + [Be|?) 7 ~'By) = ;O/QW.V(6+|BZ|2)%° =0,
P(0c,Be) - (6 + [Be[*)* ~'By) > (6 + [B[*) * ~H(Ch[B|7H2 — Co),
and
VB, - V(5 + [B?) ¥ 7' By)
= (8 + [Be*) ¥ 7 (|VBe|® + (00 — 2)(3 + [Be|*) 7' [B, - VB,|?)
> min{oo — 1,1}(6 + [B,[*) ¥ ~}[VB,|* > 0.
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Using these in (3.96) tested by (6+|B¢|?) 2 ~*B, and applying the Young’s inequality
several times together with the previously derived uniform estimate

/ ([Be|7 + [Dvg?) < C
Q

and the inequality ‘14’% < p, we obtain

L [+ BPDF — 6+ B )

t
< [ [ (o6 Bl % 2006+ [Bf?) % Bl D] )

<c/ / (OF 1 4 Doy + 1)

<C(A+67 Y+ Cre.

for a.a. t € (0,T) and for a certain a > 0. Here we use (3.200), (3.101) and (3.61)
to take the limit £ — oo and arrive at

/ G+ BOPT — 6+ Bo)¥) <O+ )t 1 00
Q

for all ¢ € [0, T] after appropriate redefinition of B(¢) on a null set (which does not
affect any of the properties of B proved so far). Taking the limit ¢ — 0 then yields

timsup [ (B <lmsup [ 5+ BOPE < [ G+ Bo)¥
Q Q Q

t—04 t—04

limsup/ [B(t)|7° g/ |Bo|°.
t—04 Q Q

On the other hand, due to (3.229) and weak lower semi-continuity, we have

/|IB%0|‘70 <hm1nf/ [B(t)|°°,

and thus ||B(t)]|o, — [[Bolls, as t — 04. Since o > 1, the space L7 (Q; RL%Y) is
uniformly convex and, consequently, property (3.49) follows.

and letting 6 — 04 gives

(1)

To derive (3.52) (which is a weak version of (1.11)), we need to construct the
pressure p and ensure that every term appearing (3.52) is integrable. To this
end, we apply the conditions (C¥) and (CL). Moreover, we need to be able to
test the momentum equation with v¢, where ¢ is some smooth function on Q.
Unfortunately, we can not do this operation in (3.44) nor at any stage of our
approximation scheme. The remedy is to truncate the convection term in the
balance of momentum. However, then we are just mimicking the existence proof
that is done in [7] for a different non-linear fluid. Thus, let us only verify the weak
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compactness of weak solutions (vs, ps, Bs, 0s,ms) to the system divvs = 0, (3.45),
(3.46),

T T
/ ((Opvs, @) — (Tsvs @ vs, Vip) + (2v(85)Dvs, Vo)) + a/ / V5P
0 0 Jon (3.236)

T T T
:/0 (pévle‘P)*/O (2a#95]ﬂ35,V<P)+/0 (f, )

for all ¢ € L>(0,T; W), with Tsvs = ((vsss) * 75)div, Where ss is a trunca-
tion near 99, rs is a standard mollifier and (-)q;v is a Helmholtz projection onto
divergence-free functions, and

T
(Yool + cuflo, )p(0) — / (Llos]? + cob5, 6)up
0
T T T
- / (Xos|? + cu85)05, V) + a / /a fosfop+ / (k(65)V 65, V)p

T
= / (psvs — 2v(05)(Dvs)vs — 2aubsBsvs, V) (3.237)
0

for all ¢ € W1>((0,T);R), ¢(T) = 0, and every ¢ € WH>°(Q;R). The existence
of such solutions follows by combining the approximation scheme from part (1)
together with the one in [7]. In view of the uniform estimates derived in part (1),
we may suppose that the sequence {(vgs, ps, Bs, 05, 15) }s>0 is uniformly bounded in
the spaces depicted in (3.32)—(3.43) and that we have the same convergence results
as in (3.196)—(3.204) and so forth (with £ replaced by §). We may also suppose
that, say ps € L*(Q;R) with [, ps = 0. Then, since we have v(05)Dvs, 05Bs €
LP(Q;RS},XII?) and the convection term is truncated, equation (3.236) is valid for
all p € L7 (0, T W,,llvp/), in fact. What is missing is the uniform estimate of the
pressure. By localizing (3.236) in time, choosing ¢ = Vu and using divwes = 0, we
obtain

—(ps, Au) = (Tsvs @ v5 — 2v(05)Dvs — 2aubsBs, VVu) — a(vs, Vu)aa + (f, Vu)
a.e. in (0,7). There the convective term, if not truncated, is the most irregular one
(recall that ||’U5®'U§||pd2#;Q < (). Thus, expecting ps to have the same integrability,

we may choose u € W2>(p%)'(9; R) to be the solution to the Neumann problem

1
_AU:\I)OV)%QPO—*/ |P0|p%_2po in €,
12| Jo
Vu-n=0 on 0N

a.e. in (0,T), where py = ps — |T12\fﬂ ps. Since ||u\|2,(p%), < OHPOHP% by the
corresponding L-theory (here we used Q € C11); the test function u eventually
leads to

Ipsll a2 < C,
see [7] for details.

Taking the limit § — 0 in (3.236), (3.45) and (3.46) can be done analogously
as in the part (1), where the limit £ — oo was taken. Indeed, in the additional

term fOT(pg,diV @), we simply use the fact that ps — p weakly in Lp%(Q;R).
It remains to take the limit 6 — 04 in (3.237). Since vs converges strongly in
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LPE)(Q;RY) and p > d3T(-12 due to (C%), we deduce that the terms psvs and
d+2

|vs|?vs converge weakly to their limits. Clearly, as PS5 < p, the same is true for
the terms v(0s)(Dvs)vs, 05Bsvs and O5vs. To handle the term x(05)Vés, we apply
(3.3) to estimate it as

|k(05)V 05| < C|VOs| + CO5]Vbs| (3.238)

and treat both terms separately. If R < 2, we can write

vl

1— R

[VOs| = 265 2 |V7 |

and observe that both factors are uniformly bounded in L*(Q; R) (as 1-£ < £t due
to (CF)). On the other hand, if R > 2, then also Ry > 2, and thus simply writing
|VO5| = 65|V In6s| and using ||V In 652, < C (recall the entropy inequality) shows
that ||VOs|l14e,0 < C for some € > 0. Regarding the other term, we rewrite it as

_R _ R
05V0s| = 2052 |Vo; |
and observe that the first factor is square integrable if
R _ R
r—+ 1-— 35 > 7(1,

which turns out to be equivalent with (C¥). In total, we thus see that also the term
k(05)V s converges weakly to the corresponding limit. It remains to pass in the
boundary term in (3.237) if @ > 0, for which we need to show that vs — v strongly
in L2(0,T; L?(99;R?)). This convergence result is indeed true provided that p >
2;7:—22 and it can be proved using all the available estimates for vs together with
the Aubin-Lions lemma for Sobolev-Slobodeckij spaces, interpolation and Sobolev
inequalities, see [10, Corollary 1.13.]. Since (CF) yields p > d% > 2dd—++22, the
condition on p is met in our situation.

Using the above argumentation, we can pass to the limit in the d-approximated

system and obtain a weak solution satisfying (3.47).

(111)

In the proof of (1) it was shown that a weak solution (v,B,6,n) can be con-
structed as a weak limit of the sequence (vg,By,6,,1m¢) satisfying, among other
things, the equation

. T T
(b 6)p(0) — /0 (00, 6)0p /O (caBr00, Vo)
T 1
+ / ((60) V00 + 790" V6,, V6) (3.239)
0

T
— [ @v(00/DviP + 20ug, (Be, 08B - Doe, 0}
0

for all p € W1>°(0,T;R) and every ¢ € WhH(Q;R) (recall (3.117), take T = ¢¢
and integrate by parts in the first two terms). Moreover, as p = 2 and Ry = rq4+1),
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we have the following information about the convergence of (v¢, By, 6;) to (v,B,6):

v —w weakly in L2(O T Wahi), (3.240)

vy — v strongly in L*" ( ) and a.e. in Q, (3.241)

B, — B strongly in L7 (Q) and a.e. in Q, (3.242)

0, — 0 strongly in L%4(Q) and a.e. in Q, (3.243)

Vo7 — voE weakly in L2(Q), (3.244)

g1 (By,0) — 1 strongly in L>)(Q). (3.245)

(recall (3.196)—(3.204), (3.211), (3.168) and (3.212)). It remains to take the limit
¢ — oo in (3.239).
Taking the limit in the first three terms of (3.239) is easy. Next, we observe that
r+1) r+l-g ratl-—y Ry
1— — d
<r+ 9 5 < 5
and, consequently, appealing to (3.243), (3.1), (3.3) and Vitali’s theorem, we obtain

O<r+1—§:r+1—

/*@(0@)9;7% — k(0)0" % strongly in L*(Q).

Hence, using also (3.244) (and € > 0 a.e. in Q), we arrive at
2 {_R R 2 I_R
K(0)V0 = 20, * K(00) V07 — £0' 7 k(0)VE

weakly in LY(Q).

To see that the term 7|V6,|"V0, vanishes in the limit £ — oo, we can use roughly
the same argumentation as for the analogous term in the entropy inequality (recall
(3.194)). First we need to realize that in the estimates that follow after (3.152), we
can keep the term

, Vo r42
W/Q V0"V, - V15 = fw o | 95‘+1

on the left hand side (this term was previously omitted on the first occasion since
we were interested only in w-uniform estimates). This way, we observe that the
estimate (3.166) can be replaced by

r+1-8
ﬂ/ ’V@Z 2
Q

(recall that we are now in the case r4 > r1). Then, using an analogous estimation
as in (3.194), we arrive at

V@ 42
| | Bﬂl /|DW\Q<C 8)

1
o

|v96| r+1 a(1+TB)(r+1)
[w|VOe|" Vel = w / s O -

r+2
41
. r+2
9,72 + (A+8)(r+1)
<wmr |w [V07 10l 552
= B+1 Ul _rt2_yra048)0t1)
Q 0, a(r D) 2

+8)(r+1)

< CB)w™ 00 gty
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where a solves

(ar+2 )’a(1+6)(r+1) — Ry,

(r+1) r+2

Since this is equivalent to

r4+2
r+1

o= —"—"
148
L+ 7

and we have Ry =14+ 1) > r + 1 we see that 8 > 0 can be chosen so small that
a > 1, and hereby we get

@] V0" VO¢||laso < CLT77 =0 as £ — .

Next, using (3.2), (3.243) and (3.240), it is easy to see that

V2u(0,)Dv, — /2v(0)Dv  weakly in L*(Q)

and then, by the weak lower semi-continuity, we get
liminf/ 2v(0,) | Doy |* > / 2v(0)|Dv|?.

Finally, since

LN SRR DN SURURS DN
Ri q+o rq+1) gq+o 731534'1 qg+o 2

due to (C?), we deduce from (3.243) and (3.242) that
9B, — B strongly in L*T¢(Q)
for some sufficiently small € > 0. Hence, by (3.245), it is also true that
(B¢, 0,)0,B, — 0B strongly in L*(Q).
But this together with (3.240) implies
9(Be,0,)0,B; - Dv, — B -Dv  weakly in L'(Q).

Therefore, we can indeed take the limit £ — oo in every term of (3.239), leading
to (3.53), and the proof of (111) and of Theorem 1 is finished. O

4. AUXILIARY RESULTS

In this additional section, we prove those auxiliary results which were used above
but are not completely standard in the existing literature. On the other hand, they
are not new (except for parts of Lemma 3 that are taken from an upcoming work [3])
and serve only to clarify some arguments used in the proof.

For the purposes of this section, we replace the interval (0,7") (or [0,7]) by
an arbitrary bounded interval I C R and set @ = I x . The set Q2 is always
assumed to be a bounded Lipschitz domain in R, d € N.
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Intersections of Sobolev-Bochner spaces. If X & H “Z° X~ is a Gelfand
triple, it is well known that
dens
CUI; X) " WP s C(I; H), (4.1)
where
WY = ({u € LP(L: X); D € (LP(L: X)) Y, o + [0l x)s 1< p < o
The first embedding in (4.1) is useful to manipulate certain duality pairings involv-
ing time derivatives, while the second embedding is important for the identification
of boundary values (i.e. initial conditions) and the corresponding integration by
parts formulas. We would like to generalize (4.1) for the space

WS = ({ue LP(I; X)N LY(L;Y); O € (LP(I; X) N LY(I;Y))"},
[-ler xnzay + 10l (Lo xLay)-), 1<p,q< oo,
The primary application which we have in mind is the case where X = W2(Q),
Y =L¥() and w > dQ—_dQ (i.e., we know better integrability than what follows from
the Sobolev embedding, recall the function By). Thus, we may assume that both X

and Y admit the Gelfand triplet structure with a common Hilbert space H (even
though this could be relaxed if needed).

Lemma 1. Let 1 < p,q < oo and suppose that X, Y are separable reflexive Banach
spaces and H is separable Hilbert space forming Gelfand triples in the sense that

X g e gy O gy (4.2)
Then, we have the embeddings
CU I X NY) “SWR, < C(I; H). (4.3)

Moreover, the integration by parts formula
tz t2
(u(ta),v(t2))ar — (ult). vl )r = [ Oue) + [ @) ()
tl tl
holds for any u,v € WR5, and any t1,ty € I.
Proof. The proof of the first embedding in (4.3) can be done in a standard way by
extending u outside I evenly, taking the convolution with a smooth kernel and then

estimating the difference from u and d;u in the respective norms. See [19] or [46]

for details.
If u,v € CHI; X NY) < C(I; H), then dyu,dw € C(I; X NY) < C(I; H) and,
using density of the embeddings in (4.2), the duality in (4.4) can be represented as

<atu7 U> + <atvau> = (atu7U)H + (at’l)7U)H = 815(”5 U)H a.e. in 17

hence (4.4) is obvious in that case. Next, we can proceed as in [42, Lemma 7.3.] to
prove that

lu(®) i < Clullzs + lullwys,) (4.5)
for all t € I and every u € C1(I; X NY). Moreover, by (4.2), we have
WY, — LP(LX)NLYLY) = LN X)NLYLY) < LN X +Y) < LY H),
and thus (4.5) yields
luller;my < Cllullwes, - (4.6)
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Since C'(I; X NY) is dense in W%, the estimate (4.6) and identity (4.4) remain
valid for all u € WY,. Moreover, if u € W%, then we can take v = u and t2 — #;
n (4.4) to deduce that u € C(I; H). Thus, the embedding W¥%, < C(I; H) holds
and the proof is finished. O

Since W' = WX, we obtain the classical result (4.1) as an obvious corollary.

Fundamental theorem of calculus in the Sobolev-Bochner setting. Let
H = L?(Q). The formula (4.4) can be used to identify that

1d
(Opu, u) = % Qu2 (4.7

a.e. in I. However, in certain situations we would like to generalize (4.7) to

@it = 5 [ [ i) as

Whether this is possible depends on what kind of function v is and also on the choice
of X. The next lemma characterizes one such situation.

Lemma 2. Let 1 < p,q < co. Suppose that ¢ : R — R is a Lipschitz function. For
w € R, we define

U(z) = /I P(s)ds, zeR.
Then, for any u € Wﬁ,l,q(m, there holds
U(u) € C(I; LY()) (4.8)
and
ta
/ (Opu, Y(u)) = / U(u(te)) —/ U(u(ty)) forallty,ty €l (4.9)
t Q Q
Moreover, if 1 is bounded, then
U(u) € C(I; L*(Q)).

Proof. First of all, we remark that t(u) € W14(Q) a.e. in I, by a classical result
(see e.g. [47, Theorem 2.1.11.]), and thus the duality in (4.9) is well defined. Next,
we apply Theorem 1 to find u. € C*(I; W14(Q)) satisfying

e — ull powra + |9etie — Otul| pyryyr—1. — 0 as e — 0. (4.10)

Then, using the standard calculus, it is easy to see that the identity

/:2<8tug,¢(ug)> _ / [ vt
_ / [ o = [ wiunea)) - [ v

holds true for any t¢1,t; € I. Since 9 is Lipschitz with some Lipschitz constant
L > 0, we can estimate

9 (ue)| < 19p(uz) = P(0)] + |(0)] < Lluc| + [4(0)]

(4.11)

and
[V (ue)| < |4 (ue)|[Vue| < L|Vuel.
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Hence, the sequence t(u.) is bounded in LP(I;Wh9(2)). As 1 < p,q < oo,
this is a reflexive space, and thus, there exist a subsequence and its limit ¥ (u) €
LP(I; Wh4(Q)) such that

Y(ue) — p(u) weakly in LP(I; WhH(Q)). (4.12)

Since p > 1, a subsequence of u. converges point-wise a.e. in @ to u, and thus
¥(u) = t(u) using the continuity of ¢». Hence, by (4.10) and (4.12), we obtain

[?w%w%»:lﬂa%f@mw%»+[7@mw%»
S [ O w)

t1

(4.13)

as ¢ = 04. Next, using the embedding Wy, ., ag@) < C(I; L*(Q)) and (4.10), we get,
for any to € I, that

[lu(t) —u(to)|la =0 as t—to (4.14)
and
lue(to) — u(to)]]2 = 0 as & — 04. (4.15)
Then, the Lipschitz continuity of ¢, Holder’s inequality and (4.14) yield

<A/%|¢|+mw

u(t)
< / /u(to) C(A+ [ulto)| + [u(®)]) < C/Q(1+|u(t0)|+ () (t) — ulto)|
< C|1+ |ulto)| + [u@®)l|2]lu(t) — u(to)]l2 < Cllu(t) — ulto)|l2 — 0 (4.16)

u(t)

|wwm—wwwm=1¥ ) ds

Q (tg

as € — 04, which proves (4.8) (and thus, the values ®(u(t)), t € I, are well defined).
By an analogous estimate, using (4.15) instead of (4.14), we can prove that

L@mwm—wwmw%o%eem

for any ¢t € I. This and (4.13) used in (4.11) to take the limit ¢ — 04 proves (4.9).
If 4 is bounded, we replace (4.16) by
2
<C [ Ju) - utta)?
Q

| o) - vt -

and the rest of the proof remains the same. O

u(t)
¥(s)ds
u(to)

Clearly, we can also replace 1 by ¢, where ¢ € W (;R), leading to

/O<8tu,¢ /Q/ W(s)ds & — /Q/u(ow Jdsé foralltel. (4.17)

Then, since ¢ is a Lipschitz (time independent) function, the proof is basically
the same as the one presented above.
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wn

Calculus for positive definite matrices. We recall that the operations and

| - | on matrices are defined by

d d
Al 'AQ = ZZ(Al)ij(Az)ij and |A| = \/A'A,
i=1 j=1
respectively. Then, the object |A| coincides, in fact, with the Frobenius matrix
norm of A.

The next lemma is formulated for a function A : Q — R‘%d and for simplicity, we
shall assume that A is continuously differentiable with respect to all variables, i.e.,
Aeclq; R’%d). In particular situations, this assumption can be of course removed
by an appropriate approximation (convolution smoothing) and the assertions of the
following lemma hereby extend to the setting of weakly differentiable functions. Let
us also denote any of the space-time derivatives by a generic symbol 0.

Lemma 3. Let A € CH(Q;RESY). Then

(i) 0<trA—d—IndetA, (4.18)

(ii) IA| < trA < Vd|A|, (4.19)

(i)  min{l,d =" }A|* < |A% < max{1,d" =" }A|* for any a > 0, (4.20)
L gtr Aet! if o #£ —1;

i A = ot )

(iv) on-ne={, ST Dtrlogh if o= —1, (4.21)

: Ao 19AT )2 ifa # 1
(v)  (signa)dA - OA® > {<a+|3 1c|>gA|2 | g . i o (4.22)

Proof. Property (i) follows by passing to the spectral decomposition of A and from
the fact that z — x — 1 — Inz attains its minimum at x = 1. Estimate (ii) is
a consequence of the Cauchy-Schwarz inequality since

Al = [(A2)TAZ| < A2 =trA=1-A < |I||A] = Vd|A|.

For (iii), we refer to [3, Theorem 4] and for (iv), (v) to [3, Theorem 1]. The relation
(iv) with o = —1 is also known as the Jacobi identity. O
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