ON EVOLUTIONARY PROBLEMS WITH A-PRIORI BOUNDED GRADIENTS

MIROSLAV BULICEK, DAVID HRUSKA, AND JOSEF MALEK

ABSTRACT. We study a nonlinear evolutionary partial differential equation that can be viewed as a generalization
of the heat equation where the temperature gradient is a priori bounded but the heat flux provides merely
L'-coercivity. Applying higher differentiability techniques in space and time, choosing a special weighted norm
(equivalent to the Euclidean norm in R%), incorporating finer properties of integrable functions and using the
concept of renormalized solution, we prove long-time and large-data existence and uniqueness of weak solution,
with an Ll-integrable flux, to an initial spatially-periodic problem for all values of a positive model parameter.
If this parameter is smaller than 2/(d+ 1), where d denotes the spatial dimension, we obtain higher integrability
of the flux. As the developed approach is not restricted to a scalar equation, we also present an analogous result
for nonlinear parabolic systems in which the nonlinearity, being the gradient of a strictly convex function, gives
an a-priori L*°-bound on the gradient of the unknown solution.

1. INTRODUCTION

1.1. Problem setting and main result. This paper concerns a parabolic-like problem involving nonlinear
elliptic operators that can be viewed as regularizations of the co-Laplacian. More precisely, for fixed L > 0
and T > 0 we set Q := (0,L)Y c R? and Q := (0,T) x Q and investigate the following problem: for given
Q-periodic functions g : [0, 7] x R = R, ug : R? — R and a given parameter a > 0, find an {2-periodic function
w:[0,T] x R — R and a vectorial Q-periodic function q : [0,7] x RY — R such that

(1.1a) Ou—divg=g in Q,
q .

1.1b Vu= ———+ in Q,

(140) (1+q*)=

(1.1c) u(0, ) = ug in Q.

The motivation for investigating such type of problems is given below. The main result of this paper is the
following: for sufficiently smooth initial data ug, which satisfies a reasonable compatibility condition, and for
sufficiently smooth right-hand side g, there exists a unique couple (u, q) solving in the sense of distributions.
To formulate the result precisely, we need to fix the notation, the appropriate function spaces and the concept
of solution to . Since we are dealing with a spatially periodic problem, we recall the definition of periodic
Sobolev spaces

[l
Wkp(Q) = {u = ﬂ|Q, @€ C®(RY) is Q—periodic} ,

per
where k € Ny and p € [1, 00) are arbitrary (note that L2,,(Q) = L*(€2) and that these spaces, as closed subspaces
of reflexive Banach spaces, are reflexive as well provided that p € (1,00)). The space W]fe’;?" is then defined as
Wl (Q) := W2 (Q) nWHE>(Q).

per per

Throughout the paper, we use standard notation for Lebesgue, Sobolev and Bochner spaces equipped with the
usual norms. Unless stated otherwise, bold letters, e.g. q, are used for vector-valued functions to distinguish
them from scalar functions. The symbol “0;” stands for the partial derivative with respect to the time variable
t € (0,T), while the operators “V” and “div” take into account only the spatial variables (z1,...,24) € Q.
Later, we also use “0;” to abbreviate partial derivative with respect to x;. The shortcut “a.e.” abbreviates
almost everywhere and “a.a.” stands for almost all.

Next, we define the notion of a weak solution to and formulate the main result.
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Definition 1.1. Let uy € L?(Q), g € L?(Q) and a > 0. We say that a couple (u,q) is a weak solution to

problem if
ue Wh?(0,T;L*(Q) N L? (0,T; W2 (),

per
ge L' (0,T; L' (%RY)

and
(1.2a) / Oup+q-Vedr = / gpdz Jor all o € W):2°(Q) and a.a. t € (0,T),

Q Q

q .
1.2b Vuy=——+ a.e. in Q,
e (1 la)F ¢
+

(1.2¢) lu(t, ) — uollL2(q) 29 0.

Theorem 1.2. Let a >0, g € L? (0,T;L*(2)) and up € W () satisfy

per

(1.3) ||vu0||Loo(Q) =U<1.

(i) Then there exists a unique weak solution to problem (1.1)) in the sense of Definition . Moreover, the
solution satisfies

(1.4) ue L*(0,T; Wi ().

per

(ii) Furthermore, if g € W2 (0,T; L*(Q)) and ug € W22(Q), then w € Wh(0,T; L*(2)). If, in addition, the
parameter a satisfies

(1.5) a€ (0, df—l) ,

then
b= 1 fg> 2,

1.6 e LY(Q; R?
(L.6) 1 (@R Jor {b arbitrary ifd=1.

The paper is structured in the following way. In the rest of this section, we describe the main novelties of our
result in detail. We also add a physical motivation for studying such problems and show the key difficulties of the
studied problem. Section [2] contains several auxiliary results needed in the proof of Theorem [T.2} In Section [3]
we prove the uniqueness result. Sections [4] and [f] concern the existence result. In Section [@] we introduce a
suitable e-approximation of the problem , which is then treated by the standard Faedo-Galerkin method in
combination with a cascade of energy estimates that helps to establish the existence of a weak solution to the
g-approximation for arbitrary fixed € € (0, 1). Finally, we derive and summarize the whole cascade of estimates
that are uniform with respect to €. Then, in Section [5| letting ¢ — 0+, we incorporate the renormalization
technique together with a special choice of weigthed scalar product (equivalent to the standard scalar product in
R?) to identify a weak solution of the original problem. Section is devoted to the proof of higher regularity
(integrability) of the flux g for the values of a satisfying 7 which concludes the proof of the second part of
Theorem In the final section, we formulate a generalization of the results stated in Theorem [1.2

1.2. State of the art and main novelties. In order to put our result in an appropriate context, we intro-
duce nonlinear (quasilinear) elliptic and parabolic problems characterized by the presence of p-Laplacian or its
generalizations of various forms. Thus, for d € N, a > 0, 6 € {0,1} and p satisfying 1 < p < oo, we define
S R? — R? by

a\ 2 =2 L ifpe(1,00),
(1.7) f(a):=(0+|q*) = q  where p' =271 ( )
1 if p = o0.
Similarly, now for p satisfying 1 < p < oo, we set g,, : R? = R? as
(1.8) g,(z) =0+ 2|7 2.
Replacing the equation (|1.1b]) by
(1.9) Vu = f,(q) with f,, introduced in (1.7)),
we obtain
O —divg =g in Q,
(1.10) Vu=(5+]g) " ¢ inQ,

u(O’ ) = Ug in Q,
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while replacing (L.1b)) by

(1.11) q = g,(Vu) with g, introduced in (1.8)),

we end up with

Opu — div (((5 + |Vu|a)p772Vu) =g inQ,
u(0,-) =wup in Q.

(1.12)

Next, let us first restrict ourselves to the case p € (1,00). Then, the mappings f,, and g, are strictly monotone
for all @ > 0 and ¢ € {0,1}. In addition, when § = 0, f,, = (g,) " and and coincide. Note that
when § = 1 the (g, Vu)-relations are smoothed out near zero (thus eliminating the degeneracy/singularity of the
corresponding elliptic operator) and the problems and do not describe the same (g, Vu)-relation
anymore. In all these cases the natural function spaces for the solution are as follows:

we LP (0, T; WER(Q)) nWH (0, T; WAP(Q)*),

per per

qeL” (0,T;LP’ (Q;Rd)> ,

provided that the data satisfy uo € L2.,.() and g € L¥(0,T; WP (€)*). Within this functional setting, the
existence and uniqueness theory for such problems is nowadays classical, see [20} 23] including and extending
the monotone operator theory invented by Minty for the elliptic setting in Hilbert spaces (see [25]). It turns out
that one can develop a rather complete theory for such problems and we refer to the classical monograph [I5] for
additional regularity results. Furthermore, one can introduce a much more general class of possible relationships
between g and Vu that goes far beyond or and where g and Vu are related implicitly. This means
that instead of one considers the equation g(q, Vu) = 0 in Q with g : R x R? — R continuous. Under
suitable assumptions imposed on g, providing among others p-coercivity for Vu and p’-coercivity for q, a self-
contained large-data mathematical theory within the above functional setting has been recently developed, also
for the systems, in [I3] (including, but also extending the results established in [I1} 12] in the context of fluid
mechanics).

A natural and interesting question is what happens when p — 1% or p — co. In the case § = 0, we formally
obtain from for p =1 that

Vu
v

Then, the governing equation for the time-independent (stationary) problem being of the form — div(Vu/|Vu|) =
formally represents the Euler-Lagrange equation corresponding to the minimization of the total variation func-
tional. Analogously, and again for § = 0, it follows from that for p = oo (i.e. p’ = 1) one has

_ 9
lql’

which, together with the governing equation —divq = g, corresponds to the so-called oco-Laplacian, see also

Fig. [1

Vu

gl p=+oco| |[p=3 p=2

_3

P=3

1 p=1
1 [Vul

FIGURE 1. If p € (1,00), then ¢ = |Vu[’ > Vu < Vu = |q\pl72q with p’ = 25, Selected

graphs are drawn (for values p = %, 2,3). The limiting cases p =1 and p = oo (i.e. p’ = 1) are
sketched as well.
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Both limiting cases have attracted attention in the scientific community. Not only is the understanding of
these limiting cases interesting as a mathematical problem per se, but also the total variation equation or oo-
Laplacian are frequently used when studying sharp interface-like problems, image recovering, etc. Let us point
out that, in the elliptic (i.e. stationary) setting, one faces serious difficulties with defining a proper concept of
solution and usually one has to introduce a new one. While for p = 1 this has led to the theory of BV spaces,
see e.g. [19], for p = oo the concept of viscosity solution was introduced in [3]. In principle, one can say that the
expected L'-regularity for Vu (when p = 1) or the L!-regularity for ¢ (when p = 0o) must be relaxed and one
is led to work in the “weak* closure of L'” or, more precisely, in the space of Radon measures. In the parabolic
setting, there is a certain mollification effect coming from the presence of the time derivative and therefore the
case p = 1 is not so difficult to treat provided that the initial data are sufficiently regular, see e.g. [2]. However,
for p = oo, one seems to be forced to keep the notion of a viscosity solution, see [I, 26]. Furthermore, it is also
well known that the viscosity solution is in principle the best object one can deal with, which is well documented
by the existence of a singular solution (see [4] or the monograph [22]).

The above discussion was focused on the case § = 0, which leads to certain singular behaviour near zero. For
a mollified problem with § = 1, the limiting cases take the form

Vu
q=———— forp=1,
(1+|Vu|®)a
q
u=—- for p = oo,
(1+1q|*)=

which may have better properties since both equations represent strictly monotone mapping unlike the case
6 = 0, see also Fig. Nevertheless, even in this regularized case, one encounters difficulties. The most famous
example concerns the case a = 2 and p = 1, i.e. the minimal surface problem. Due to Finn’s counterexample
(see [16]), it is known that even for smooth data one can obtain an irregular solution that is not a Sobolev
function. However, such a singularity appears only on (the Dirichlet part of) the boundary. This follows from
two results: the interior regularity established for the stationary problem with p = 1 and a < 2 in [9] and the
existence result established in [6] showing that the solution of the Neumann problem (for p = 1 and a > 0
arbitrary) is indeed a Sobolev function and there is no need to involve BV spaces. As this paper documents, a
similar situation occurs the problems with p = co and § = 1.

lal = la| =1 p'=3
- ; =3
|
p = % p =3
1 R - - [
p=1
| p’ =10
|
|
[Vu| 1 [Vul
FIGURE 2. On the left, the graphs of ¢ = (1 + |Vu|2)p2;2Vu are sketched for selected values

p'—2

of p € [1,00), namely p = 1,2,2,3,10. On the right, the graphs of Vu = (1 + lq|>)"= q are
shown for p’ =1, 2,2, 3, 10.

Apparently, one could follow the procedure developed for oco-Laplacian and try to treat the problem with the
notion of viscosity solution. However, it is not clear how to adopt the theory of viscosity solution to our setting
since we are dealing with a different elliptic operator (compare the limiting behaviour for p = oo and 6 = 0 or
6 = 1 depicted at Figures [1| and . More importantly, it turns out (and this is one of the main messages of
this paper) that we do not need to introduce the concept of viscosity solution as we are able to establish the
existence of a standard weak solution. Our method builds on the approach developed in [I0] and [7], where
a similar elliptic problem arising in solid mechanics is analyzed. In this paper, we generalize the approach
proposed in [10, [7] (and used in some sense also in [6]) and adopt it to the parabolic setting.

An interesting problem might be the study of the limit a — co. In such a case

(1+]q|") o max{1,|g|} as a — o0
and consequently (for f; introduced in (1.7)))

4  aq .
fi(q) = TEPGE / al min {1, |q|} as a — occ.
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However, the limiting mapping is not strictly monotone (see Fig. and the method developed in this paper
cannot be applied.

[Vl
a = 400
S
a=2
lal
FIGURE 3. The graphs of Vu = ﬁ are drawn for selected values of parameter a € (0, 00).
+lq|*)a

The limiting case a = oo is sketched as well.

To summarize and emphasize the novelty of our result once again, we show the existence of a weak solution
to the evolutionary problem for all @ > 0 with no need to introduce the concept of viscosity solution and
with g being an integrable function.

It is worth mentioning that our proof of Theorem [1.2] as presented below, is based on two properties of the
nonlinear function f; defined in (L.7), namely, its radial structure, i.e. fi(q) = a(|q|)g, and the existence of
strictly convex potential to f;. Consequently, the specific form of the equation is not essential and we
can develop a satisfactory theory for a general class of relations behaving like mollified co-Laplacian (provided
that there is a strictly convex potential behind). We state such a generalized result in Theorem in Section
but do not provide the proof for simplicity here. However, an interested reader can compare our proof with the
general methods invented in [8] for the elliptic setting. In fact, by adopting these methods and combining them
with the proof of Theorem one can prove Theorem

1.3. A fluid mechanics problem motivating this study. Consider an incompressible fluid with constant
density flowing, at a uniform temperature, in a three-dimensional domain. In the absence of external body
forces, unsteady flows of such a fluid are described by the following set of equations for the unknown velocity
field v = (v1,v2,v3) and the pressure p:
3

(1.13) divo =0, O+ Y v =—Vp+divs,

k=1
where S, the deviatoric part of the Cauchy stress tensor, enters the additional (so-called constitutive) equation
relating S to the symmetric part of the velocity gradient denoted by D and characterizing the material properties
of a particular class of fluids. While for the Newtonian fluids one has S = 2v,D, where v, > 0 is the kinematic
viscosity, there are many viscous fluids and fluid-like materials in which the relation between S and D is nonlinear.
There are fluids (see for example [21] 29] [I8] 17, 27]) in which the constitutive relation capable of describing
experimental data can be of the form

S
(1.14) 2v,D = T for some a > 0 and v, > 0.

a\ @
(1+(Z&1s))
The general goal is to understand mathematical properties associated with the system of partial differential
equations —. A possible natural approach is to look first at a geometrically simplified version of the
problem. For example, one can investigate simple shear flows taking place between two infinite parallel plates
located at zo = 0 and x5 = L. Time-dependent simple shear flows are characterized by the velocity field of the
form v(t, x1, 2, x3) = (u(t,x2),0,0). Note that such velocity field fulfills dive = 0. We also infer that the only
nontrivial components of D are D15 = Doy = %agu. Hence it follows from{%b that also all components of S
other than S;2 = Sy =: 0 = (¢, z2) vanish. Then the second equation in (1.13) together with leads to:

(1.15a) Oyu = —0O1p + 00, 0= —0ap, 0 = —03p,
o
(115b) l/*azu = T al-
(L+]ol")z

It follows from the second and the third equation in (1.15a)) that p = p(t,z1). After inserting this piece of
information into the first equation of (1.15a]) we can decompose this equation and obtain

(1.16) (Opu — Do) (t, x2) = g(1) and — oip(t, 1) = g(t)
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for some function g depending only on time. When studying the unsteady Poiseuille flow, the function g,
corresponding to the pressure drop, must be given. Then the first equation in E together with ([1.15b))
represents a one-dimensional version of the governing equations of the problem studied in this paper (with
the caveat that in the function g may also depend on the spatial variable).

1.4. Difficulties and main idea. As mentioned above, the key difficulty is due to a weak a priori estimate
for g compensating the fact that Vu is bounded a priori. To be more explicit, let us recall the definition (1.7)

with 6 = 1, i.e. f,(q) := m Obviously, |f,(q)| = ﬁ < 1 for all ¢ € RY. This directly yields
that Vu € L>(Q;R?), but it also brings the restriction that the inverse function of (the injective function) f
cannot be defined outside of the unit ball in R? and hence we may not simply write q as a function of Vu and
directly apply the Faedo—Galerkin approximation method.

Next, standard energy estimates are not sufficient to establish the existence of a weak solution. Indeed,
multiplying the linear equation by the solution u, integrating by parts with respect to the spatial variables
(the spatial periodicity ensures that the boundary terms vanish) and substituting for Vu from we conclude
that

2
/ Laldxdt<oo
Q@ (1+ql")«

However, this implies merely that g belongs to L'(Q;R?) which is not a reflexive Banach space (it does not
even have a predual). Hence, when constructing a solution, we may not identify a weak limit of a subsequence
of {g"} 7, a sequence of some approximations bounded in L*(Q;R?). Similar difficulties occur if one aims to
investigate the limiting behaviour when converging from the p-Laplacian to the co-Laplacian, i.e. when studying
the limit p" — 1+ in .

At this point one might consider a priori estimates involving higher derivatives. Let us denote by s a general
time or spatial variable, i.e. s can represent t,x1,...,xq. Let us differentiate the equation with respect
to s, multiply the result by 0;u and integrate over €. Finally, in the integral involving q, we integrate by parts
and obtain

1d 9
3 a||85u||Lz(Q) +/Q(95q~8s(Vu) de = /Q(“)Sgasudx.

Hence, if the data are sufficiently regular, one can hope for an a priori estimate for q of the form

(1.17) / 05q - 0s(Vu) dzdt < co.
Q

Let us now focus on the information coming from (L.17)) for general f,, with p’ € [1,00). Using (L.7) (cf.
Lemma one obtains

p/—2—a

(1.18) Deq - 0,(Vu) = (1+1al")" = (0.0 (1+ |al") + ('~ 2)|a"* (a- 0.0)?)

For p’ > 1 we have p’ —2 > —1 and we can employ the Cauchy—Schwarz inequality for the last term to obtain
the estimate

I

0sq - 05(Vu) > C(1+ |q|) = |0q|?,

where C' := min{p’ — 1,1} > 0 and this can be exploited to control d,q in L*(Q;R?) for some s > 1. However,
in the critical case p’ = 1, there is a sudden loss of information as one then deduces merely the estimate

(1.19) 9sq - 0,(Vu) > (1+ |q|*) "= " |0.q|*.

Consequently, the power of |g| in this weighted estimate drops by a. For small values of a, namely for those
satisfying , it can be deduced from and using Sobolev embedding that g is bounded in
LY(Q;R?) for some b > 1, see (1.6). This is shown in the proof of the second part of Theorem [1.2 However,
for large values of a, the estimate ((1.19) seems to be useless at the first glance. We will however show that it
implies almost everywhere convergence for a selected subsequence of {g™}. This is still not sufficient to take
the limit in the governing equation (due to L'-integrability of {g™}). This is why we introduce the concept
of renormalized solution for a suitable m-approximating problem and then, in order to take the limit from the
renormalized formulation of the approximate problem to the weak formulation of the original problem, we shall
work directly with the quantity 9sq - 9s(Vu) (or more precisely with the right-hand side of ), which in
some sense still generates an estimate for d,q in some scalar product in R? induced by g itself.
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2. PRELIMINARIES

Here and in the remaining parts of this text we set, for a > 0,

q
(2.1) fl@) = ——~
(1+]q|)=
The aim of this section is to collect basic properties of f as well as its e-approximation f¢ defined, for ¢ > 0,
as:

(2.2) Fo(q) = f(q) +eq=

where g € R?.

%Jrfq-
(1+lq|")=

Lemma 2.1. The following assertions hold true:
(i) £, ¢ € C*(R%RY) and for alli,j =1,...,d and arbitrary q € R? there holds:

_Ofilq) (14 |q|")di; — la|" " qiq

(2.3) (Vaf(@);; = 2 (L4 g )+ and  (Vqf©(q));; = (Vaf(q));; +€6ij,
where d;; is the Kronecker delta.
(i) Introducing the scalar functions f(s) := (1+;)% and f-(s) := f(s) + es we have the following “radial”
representations for f and f°:
(2.4) f@ = flahig aond $5@) = Llal iy for every q #0.

(iii) For & > 0 the function f° is a diffeomorphism from RY onto R?, while f is a diffeomorphism from R?
onto the open unit ball By(0) C RY.

Proof. For q # 0 we have

e . as o al®2 0.
ag (@) _ 3( % ) b ety = (1+1q|")dy; a|q‘; G5 | 5,
% 945 \(1+|q|")= (1+lq*)'*a

This result can be easily extended to ¢ = 0. Indeed, the above formula for partial derivatives is clearly
continuous on R?\ {0} and since a > 0 and |g;q;| < lg|” for all i,j € {1...,d}, we conclude |q|*~* gig; — 0 as
q — 0. Thus f, f° € C*(R%;R?). This proves the first assertion.

As the vectors g and f°(q) have the same direction, the formulae follow. Furthermore, lim,_,q+ f(s) =0,
limg o f(s) =1 and f'(s) = (1 + s“)’lta > 0. Consequently, f is a strictly increasing C'-function mapping
[0,00) onto [0,1) and, for any € > 0, f. is a strictly increasing C''-function mapping [0, 00) onto [0, 00). Hence

the functions y y
o) ="y and ()7 @) =) (y) =

lyl lyl
are well defined inverse functions of f and f¢, respectively. It is straightforward to check that f~! and ( f‘e)f1
are continuously differentiable, which completes the proof of (ii) and (iii). O
Next, we set,
: 1+]g|)I—|g|" *qoq
(25) A() = Vaf(@) 1o Alg)= LA

(1+|g|")*=
and we focus on its (finer) properties. (In (2.5)), I stands for the identity matrix and (¢ ® q);; = ¢:q;.)
Lemma 2.2 (Scalar product generated by V4 f(q)). Let g € R? be arbitrary. The bilinear form on R® given by

d a a—2
9fi(q) (1+1ql")v-w—lq|" " (g v)(q-w)
(2.6) (v, w)p(q) = v AlQQw = v; w; = —
’ ”2221 94q; (1+ g3
is a scalar product on R? satisfying
(2.7) (v, W)a(q) < 2| |w|  for every v, w € R

The corresponding quadratic form I’Uli(q) = (v,v)a(q) fulfills
v 2 Kl
| |2 > T 2 IUIA 2 augL
(1+ lal") T (g
Hence, |~|A(q) is for fired q € R? the norm on R? equivalent to the Buclidean norm | -|.

Proof. The proof follows from the definition of f, the formula (2.3 for its derivatives, (2.6) and the Cauchy-
Schwarz inequality. The inequalities in (2.8)) are direct consequences of ([2.6]). |

‘ 2

(2.8) for every v € R?
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The last essential property we need in the proof is the strict monotonicity of f, the strong monotonicity of
f° and, consequently, the Lipschitz continuity of its inverse function (f°)~!.

Lemma 2.3. The mappings f, f° : RY — R? defined in (2.1) and (2.2) satisfy, for all € € (0,1),

(2.9) (f(qy) — f(ay) - (g1 —q3) >0 for all q,,q, € R?, q, # qo,
(2.10) (F(qy) — £°(ay)) - (@1 — a5) > €lg; — g5 for all q,,q, € R™.

Moreover, for any € > 0, the inverse function (f‘s)*1 is uniformly Lipschitz continuous on R?, namely,

_ _ 1
(2.11) ()7 w0) = (F) " w2)| < < lyr — vl for all yy,y, € R
Proof. We first observe, using also (2.5)), that (for g; # q5)

L4
(f(q1) — f°(a2) - (@1 —q2) = /0 &fg(tb + (g1 — q2))ds - (g1 — q5)

1
= /0 Algy + s(ay — 42))(a1 — @2) - (@1 — @) ds +€lay — o] > elg;, — a0,

which gives the strong monotonicity of f° and strict monotonicity of f. Since

(F(@1) = £7(a2)) - (@1 — @) < |F°(a1) — £ (@2)l a1 — @l ,
we conclude from the last two inequalities that € |q; — go| < |f°(q;) — F°(qy)|, which is equivalent to (2.11). O

3. PROOF OF UNIQUENESS

In this short section, we shall prove that there is at most one weak solution to the problem (L.1J).

Let us assume that there are two weak solutions (u1,q;) and (uz,qgs) to the problem with the same
initial value ug € L?(Q2) and the same right-hand side g € L?(Q). Note that the constitutive equation
implies that Vuy, Vus € L*(Q) and consequently u; and ug are admissible test function in . Subtracting
for (ug,qgy) from the same equation for (u1,q,) and taking ¢ = wu;(t, ) — us(t,-) as a test function, we
obtain

(3.1) /(atul — Opug)(u1 — u2) + (g1 — qs) - (Vur — Vug)dz =0 for a.a. t € (0,7).
Q

By (1.2b), Vu; — Vus = f(q;) — f(g5). Inserting this relation into (3.1]), we obtain

d
% &Hm — ug|F2q) + /Q(f(ql) — £(qy)) - (g1 — g) da = 0.

Integrating this with respect to time ¢ € (0,7 and using u1(0,2) — u2(0,2) = 0 a.e. in Q we arrive at

() = ualt )y + [ [ (Flan) = flax) - (a1~ @) dads <o

By taking ¢ = T' and using the strict monotonicity of f, see (2.9)), the second term leads to the conclusion that
g = g5 a.e. in (0,7) x Q. The first term then implies that, for all ¢ € (0,77, u1(¢,) = ua(t,-) a.e. in Q. This
completes the proof of uniqueness.

4. e-APPROXIMATIONS AND THEIR PROPERTIES

In this section, we introduce, for any € € (0,1), an e-approximation of the problem and show, by means
of the Galerkin method and regularity techniques performed at the Galerkin level, that this e-approximation
admits a unique weak solution with second spatial derivatives in L?(Q).

Let ¢ € (0,1) and ¢ > 0. We say that a couple of Q-periodic functions (u,q) = (u®,g°) solves the
e-approximation of the problem if

(4.1a) Ou—divg=yg in Q,

(4.1b) Vu= —L o b eq= f(@) +2a = £(q) in Q
(1+1gl")=

(4.1c) u(0,-) = uo in Q.
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In accordance with the assumptions of Theorem we assume that ug € Wp:°(Q) satisfies (L.3) and
g € L?(Q). We say that a couple (u,q) = (uf,q%) is weak solution to (4.1)) if

ue L*(0,T; Wi (),

(4.2) dyu € L? (0,T; L;(Q)) ,
g€ L*(0,T; L (4 RY))
and
(4.3a) / Orup+q-Vodr = / gpda for all ¢ € W;e%(Q) and a.a. t € (0,7,
(4.3b) ! Vu = fg(q) a.e. in Q,
(4:3¢) Ju(t, ) = wollzace) = 0.

Uniqueness of such a solution follows from the same argument as in Section [3] To establish the existence of the
solution, we apply the Galerkin method combined with higher differentiability estimates that we will perform
at the level of Galerkin approximations. These estimates and the limit from the Galerkin approximation to the
continuous level represent the core of this section. In Subsect. we establish and summarize the estimates
that are uniform with respect to .

4.1. Galerkin approximations. Consider the basis {w, },~ | in W,:2(2) consisting of solutions of the following
spectral problem:

(4.4) / Vw, - Vedx = /\T/ wrpdx for all p € Wplef(Q)
Q Q

It is well-known (see e.g. [28] or [24, Appendix A.4]) that there is a non-decreasing sequence of (positive)

eigenvalues {\,}72; and a corresponding set of eigenfunctions {w,};, that are orthogonal in W):*(€2) and

orthonormal in L2, (). Moreover, the projections PV defined through PN (u) = SN | ([, uw; dz)w; are

per
continuous both as mappings from L2 () to L2,,.(Q) and from W,.%(Q2) to W:2(Q). Also, due to Q-periodicity
and elliptic regularity, the Q-periodic extensions of w, belong to C>(R?).
Before introducing the Galerkin approximations of the problem we recall, referring to Lemma that
the relation Vu = f£°(q) is equivalent to g = (£°)~*(Vu) where (f°)~! is a Lipschitz mapping from R? to R<.
For an arbitrary, fixed N € N, we look for u” in the form

N
WNitz) = 3 N () wn(a),
r=1

where the coefficients ¢V, r = 1,..., N, are determined as the solution of the system of ordinary differential
equations of the form

(4.5a) / 69251/\]a1,,—|—qN~Vo.),,dac:/go.)rdx7 r=1,...,N, where " := (f°)"H(Vul),
Q Q
(4.5b) u™ (0,-) = PN (up) = N (0) = / uowy d r=1,...,N.
Q

The local-in-time well-posedness of the above problem (4.5) directly follows from Caratheodory theory (recall
here that ( fe)_1 is a Lipschitz mapping). In addition, thanks to the first uniform estimates established in the
next subsection, we deduce that the Galerkin system (4.5) is well-posed on (0, T.

4.2. First uniform estimates. Multiplying the r-th equation in (4.5a)) by ¢, and summing these equations
up for r =1,..., N, we obtain

1d 2
5&||UN||L2(Q)+/QQN'VUNdx:/quNdx.

Using the one-to-one correspondence between ¢ and Vu", see (4.5a)), the second term on the left-hand side
can be evaluated explicitly and the above equation takes the form

14d | 1 1
Q&H’“NHQL%Q)JF/QM+€|‘1N|2dx=/quNdx< 5\\9\\%2(Q>+§||uNHig(Q).
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Integrating over time, using then the Gronwall inequality and the fact that |PNugl|12(q) < [luollL2(a), we obtain

(4.6) bup Hu ||L2(Q) / / 1+| ; 5|QN|2d$dt SC<Hu0||L2(Q)aHQHLz(Q)>

a

N |
In addition, it also directly follows from Vu¥ = f£°(g"V) (see the second equation in (4.5a)) and the above L2
estimate on g" that

T
2
(47) | 1w azar < e (ol sl -
4.3. Time derivative estimate (uniform with respect to N). Multiplying the r-th equation in (4.5a]) by
(ft ¢ and summing these equations up for r = 1,..., N, we obtain

/ latule +4q" -9, (VuN) dz = / g o™ dz.
Q Q

Applying Young’s inequality to the term on the right-hand side, we get
(4.8) / latuN‘z +2¢" -9, (V) dz < / lg|* da.
Q Q

Next, we focus on the second term on the left-hand side. Since Vu¥ = f£°(q"), it follows from the definition of
¢ that
qN . 5} (VUN) = 8t (qN . VUN) — 6qu . VUN

N|2 N

=0 |q I +€|QN‘2 —8th' q7“+gqN
(1+[gM[")" (1+1gN]*")"
N|2 N
:%at(|qN|2>+at La; —at(|qN|)|q7|a;
(1+IgM]*)" (1+IgN|*)"

S

3 2 q
=30, qN + 0 / T 1
27! (| | ) ! 0 (1 |q7\;|a)z (1+s%)a

Inserting the result of this computation into (4.8)), integrating the result over (0,7'), and using the fact that the
function

ds.

S
(1+5%)%

1

is increasing (implying that |g™| (1 + ’qN’a)_% —s(14s*)"a >0 on (0,|g"]), we obtain that

T T
/ /|6tuN|2dxdt§/ /|g|2—2qN-8t (V™) dz dt
0 JQ 0 JQ
T |qN(t,m)| N(t
://lgPdwdt— /s|qN<t,x>|2+2/ e e
0 Jo o ’ (L+lg¥ ) (s

T la™ (0.2)| N(o
g/ /|g\2dxdt+/e\qN(0,x)!2+2/ |7(0,2)] - ° _ds| da.
n ’ ’ (1 +la¥Oa))F  (+s)8

Noticing that ‘qN’ (1+ |qN‘a v —s(14s)~a <1 on (0, |qN‘) we conclude that

S =

t=T

t=0

Q=

(4.9) / / aWN| dedt < ||9||L2(Q) +e[q™ (0, HL2(Q re) T2 la™( ')HLl(Q;Rd) '
where

a™(0,-)
(1+1g™(0,)[")

(4.10) av(0,2) = (£5) N (VPN (uo(2))) <= VPN (ug) = +eq™(0,-).

Q=

1By symbols such as C(||u0||L2(Q) , ”9”L2(Q)) we indicate the dependence of the finite upper bound on “relevant” parameters

(i-e. ug, g, a and auxiliary parameters introduced in the proof such as €). The value of this bound can change from line to line.



ON EVOLUTIONARY PROBLEMS WITH A-PRIORI BOUNDED GRADIENTS 11

Consequently,
1
@™ (0,)] < ZIVP¥ (uo)l,
which implies that
1/2
14V (0, )| 21 umey < 12072 1@™ (0, ) ogumey < *IQ\WIIVPN(UO Mt ipery-

The fact that ||PY (uo)llw1.2(0) < luolly12 o) thus finally yields

pev

2 —
(41].) / /Q iatuN‘ d.’I,‘ dt S C(E 17 ||g||L2(Q)7 ||u0||W;éa(Q)> .
0

4.4. Spatial derivative estimates. This time, we multiply the rth equation in (4.5a]) by A.c, and sum the
obtained identities up for r = 1,..., N. Since, due to (4.4)) and the smoothness of w”,

)\T/ wrpdr = / Vw, -Vodr = —/ Aw,pdx for all ¢ € Wplef,(Q)
Q Q Q

we get
A O vul¥ - vu¥ +vg"V - v2uN dz = — /QgAuN dz.
Hence,
(4.12) % |}VUN||;(Q;W) + 2/9qu V2N dz = —Q/QgAuN dz < 2[|g] 120 HVQUNHLQ(Q;WM) .

Since Vu® = £°(q"), recalling (2.5 we get
Vi = A(gV)Vg" +evegY
Hence, by Lemma [2.2] we get
2
(4.13) Vg Vi = Vg - A(gM)VeY + VgV = VgV [ g +elVaT P
and also, by means of the Cauchy-Schwarz inequality and (2.8)),
2
V2N |” = A(gM)VaY - VPN + Vg VPN < V|, i VPN gy + €[V [V
<V | yqn) V20| + e[ Vg™ [ [VPuT],
which, using €2 < ¢, implies that
(4.14) |V2uN|2 < 2(|Vg¥ |} vy + eIV ).

Incorporating (4.13) and ( into , integrating the result with respect to time and using Young’s
inequality and the continuity of PN in Wz}e%(Q), we arrive at estimates that are uniform with respect to both
N and €:

T
sup ||VUN(t7 )Hi2(QRd) 'i‘/ / quNli(qN) +e |qu|2 + |V2UN‘2d.%'dt
(4.15) te(0,T) ’ 0o Ja

< (llgll 2 g ol ) -

4.5. Limit N — oco. Due to the reflexivity and separability of the underlying function spaces and the Aubin-
Lions compactness lemma, it follows from the estimates . 4.11)) and ({4.15| - ) that there is a subsequence

of { } ~n—; (which we do not relabel) such that

(4.16a) ulN =y weakly in L? (0,T; Wgef,( ) 5

(4.16b) u™ — O weakly in L? (0,7 L*(Q)),

(4.16¢) u = u strongly in L* (0, T; W, (Q2)) N C ([0,T]; L*())
(4.16d) ¥ —q weakly in L?(0,7; W2 (% R?)).

Letting N — oo in (4.5)), it is simple to conclude from the above convergence results that
(4.17) / Orup+q-Vodr = / gpda for all ¢ € W;ef(ﬂ) and a.a. t € (0,7].
Q Q

Since u™ (0,-) = PN (ug), PN (ug) = uo in L*(Q) and u € C ([0, T]; L*(£2)), we observe that (4.3d) holds.
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By virtue of there is a subsequence (that we again do not relabel) so that
(4.18) vu¥ Y22 Ty ae. in Q.
As (f°)" is (Lipschitz) continuous, it follows from the second equation in and (4.18) that
v =)t (Val) Ao, (f) " (Vu) ae. inQ.

Since the weak limit in L?(Q) coincides with the pointwise limit a.e. in @ (provided that these limits exist), we
conclude that

(4.19) (f) " (Vu)=q ae. inQ = Vu=f(q) ae inQ.
Thus, the existence and uniqueness of a weak solution to the e-approximation (4.1)) in the sense of definition
(4.3)) is completed.

In the next subsection, we establish and summarize the estimates associated with the e-approximation (4.1)
that are uniform with respect to e.

4.6. e-independent estimates for (u®, ¢g%). Observing that u® is an admissible test function in (4.17)), we set
@ =u® in (4.17). Then, proceeding step by step as at the Galerkin level, we obtain

et
(420) T LS e A -t elgdrdt < (ol loll o))
te(0,T) 1 + ‘q |
It is easy to conclude from the boundedness of the second term, by applying Hélder’s inequality, that
T
(4.21) | [ iattazar <c (il ol ol o)) -
0

Further estimates are obtained by taking the limit N — oo in the estimates obtained at the Galerkin level.
We define ¢(0, -) through the equation

(422) vuO = fs(q(oﬂ )) = (1 + |q(0 ,)‘a)

As VPN (uo) = £°(q™(0,-)), see [@.10), VPN (ug) — Vug strongly in L2(Q;R%), and (f°)~! is Lipschitz

continuous, we conclude that

7a T £q(0,-).

qa" (0, N=eo, q(0,-) strongly in L?(Q;RY).

Consequently, we can take the limit N — oo in (4.9) and conclude, using also the weak lower semicontinuity of
the L?-norm together with (4.16b)), that

T
2 2 2
(423) / [ 100 awat < gl gy + € 100, iz + 21000y
It follows from (|1.3]) and ({4.22] - ) that
1 0, -
U > [Vu| = ( +g) 90,y > —11CI_ g
(1+1q(0,-)|*)= (1+1q(0,-)|*)=
This implies that
U
0,)] < —.
0.0 £ s
As U < 1 (see (1.3)), we get
(424) ||q(07 ')HLl(Q;]Rd) < C((I, U) and Hq(ov ')||L2(Q;]Rd) < C(CL, U)
The bound C(a,U) — oo as a — 0+ or as U — 1—. Inserting (4.24]) into (4.23)), we get
T
(4.25) /0 /Q|8tu5|2dxdt < C(a,U, |l9ll 12))-
Finally, we let N — oo in (4.15)). Recalling (4.16d)) and also (4.18) together with (4.19)), we have
Vq" — Vq weakly in L?(Q; R*?),
¥ —q a.e. in Q.

This implies (see the next subsection for the proof in a slightly more general setting) that

T T
2 - 2
/0 /leqIA(‘I)dxdtSI}\Izri,lgof/o /QIVqNIA(qN)d:L‘dt.
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Consequently, letting N — oo in (4.15)), we get
T
2
sup [V (£, )| 72 e +/ / IV« I3 ) + 2 IV + [ VPuf| dadt
(4.26) te(0,T) 0 JO
< (llgl 2 ol ey ) -

4.7. Weak lower semicontinuity of the weighted L?-norm. Here, we shall prove the following statement:
if

(4.27) z'—z weakly in L?(Q; R?) as n — 0o,
(4.28) q" —q a.e. in @ as n — 0o,
then

2 o 2
(4.29) /Q |21 dzdt < th_l)lOIéf/Q [2"[5(gn) dzdt.

To prove it, we first recall that |z|i(q) = z - A(q)z, where A is introduced in (2.5). Observing that

n 2 ny2 2 n
0< 12" = 2l gn) = 12" lia(gn) = 12la(gn) = 2(2, 2" — 2)a(qm),

we get
(4.30) / 12" 17 g ddt > / 1215 (g dadt + 2/ (2,2" — 2)p(qn) d dt.
Q Q Q
Since |A(q@™)] < C(d) and (4.28) holds, Lebesgue’s dominated convergence theorem implies that
(4.31) nlgi;o/ |z|i(qn) dedt = ngl;o z-A(g")zdxdt = / |z|i(q) dz dt.
Q Q Q
Furthermore, noticing that
/ (22" — 2)(qn dedi = / 2 (A(g") — A(q))(=" — =) dz dt +/ 2 Aq)(z" — 2)dz dt
(4.32) Q Q Q
— I+ 1,

we see that, as n — oo, I3 vanishes by virtue of (4.27). To conclude that I{* vanishes as well, we first apply
Holder’s inequality to get that

1/2
7] < 12" — 2l o) ( /Q 1=2lA (™) —A<q>|2dxdt) 7

and then we notice that ||2" — 2| 12(gre) is bounded due to (4.27) and the last integral vanishes again by
Lebesgue’s dominated convergence theorem. Thus, lim, o (I7 + I3) = 0 and the assertion (4.29) follows from
(14.30)-(4.32]).

5. LiMIT € — 0+

5.1. The attainment of Vu = f(q) a.e. in Q. In Sect. 4] assuming that ug € W):>°(Q) satisfies and
g € L*(Q), we established, for any a > 0 and € € (0, 1), the existence of unique weak solution to satisfying
@. Furthermore, particularly in Subsect. we showed that {(u®,q%)}.c(0,1) satisfies the estimates ,
4.21)), (4.25) and (4.26)). As a consequence of these estimates (that are uniform w.r.t. €) and the Aubin-Lions

compactness lemma, one can find &, — 0 and the corresponding sequence (u™, q™) := (u®™, g*™) such that

(5.1a) u™ = weakly in L (0, T; W22(Q))
(5.1b) Opu™ — Ou weakly in L* (0, T; L*(2)),

(5.1c) Vu™ — Vu strongly in L (0,T; L2, (% RY))
(5.1d) Vu™ — Vu a.e. in @,

and also, using (5.1d) and Egoroff’s theorem on one side and (4.21)) and Chacon’s biting lemmajsee [5J) on
the other side, there is a g € L' (Q;RY) such that for each § > 0 there exists a Q5 C Q fulfilling Qs5, C Qs, if
§1 < 09 as well as |Q \ Q5| < 6 such that

g™ —q  weakly in L*(Qs;R%),

(5.2) . ) A p
Vu™ — Vu strongly in L™(Qs; R?).
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Further, we denote
~ 1
Q5= Qs {(t0) € s latt.o)] < 3}
and it follows from (5.2]) that

1O\ Qs <10\ Gl + | {(t,2) € @ lq(t, ) >61}|sa(1+/Q|q|dxdt) < cs.

Hence, using the (strict) monotonicity of f, see Lemma the facts that f(q) € L>=(Q;R?) and f(q™) =
Vu™ — e,,q™, see (4.3b)), the convergence properties (5.2)), the obvious relation Qs C Qs, and the fact that g
is bounded (depending on §) on Qs, we observe that

0 < limsup /Q (f (a") = (@) - (@" — q)dwdt =limsup [ F(g™) - (q" — q) dwdt

m—r oo m—r oo Qé

= limsup Vu™ (@™ —q) —emq@™ - (@™ — q)dxdt

m—oo JQs

= limsup/ (Vu™ = Vu) - (q" — @)+ Vu- (@™ — q) —em|g™* + emg™ - gdzdt
Qs

m—r oo

<0.
This implies that there is a subsequence (that we again denote by ¢") such that
lgnw(f (qm) - f (q)) (@™ —q)=0 a.e. in Q.

m

As f is strictly monotone, we conclude (referring for example to Lemma 6 in [I4]) that
q" —q a.e. in Qs.
However, as 6 > 0 is arbitrary and |Q \ Qs| < C6, this yields
(5.3) q" —q ae. inQ.
As f is continuous, letting m — oo in f(¢™) = Vu™ — &,,q™ (valid a.e. in Q) and using and (5.3)), we
conclude that holds.

5.2. Limit in the governing evolutionary equation. It remains to show that holds. Towards this
goal, we “renormalize” the equation for €,,-approximation with the help of smooth, compactly supported
approximations of unity denoted by 7y, which are the functions of |¢™|. The required equation is then
obtained by a careful study of the limiting process as m — oo and k — co.

It follows from that, for all m € N,

(5.4) / ou™ o+ q™ - Vedrdt = / g drdt for all p € L? (O,T; Wplef(Q)) .
Q Q

In order to make use of these relations in the absence of weak convergence of g™ in L!(Q), we consider
Y e L™ (0,T; W, (Q)),

per

and set as a test function ¢ in ([5.4)

(5:5) ¢ :=7(lg" Y,

where 75, k € N, “approximates unity”, i.e. 7, € C§° ([0,00)) satisfies for all k¥ € N the following conditions:
0 < 7(s) <1 forall se[0,00), ,(s) =1on[0,k], (s) = 0on [k+1,00) and -2 < 7/(s) < 0 for all
s € (k,k 4+ 1). Note that, for fixed m, the test function specified in is an admissible test function due to

[20).
Inserting ([5.5) into (5.4)), we obtain

(5.6) /Qatu e(lq |>wdxdt+/Qq el |>-vwdxdt=/ng<|q |>wdxdt—/Qq V(g™ ) da dt.

Letting m — oo and k — oo in (5.6)), our aim is to show that we can remove m and replace 7 by 1 in the first
three integrals, while the last integral vanishes. Each term requires a special treatment.
To treat the term involving the time derivative, we first observe that

1{“7’“::/ (Otumrk(\qm\)w—(?tuw)dxdt:/ o™ (re(1q™]) — 7 (|ql))  dar dt

(5.7) @ @

+/ (atumff)tu)Tk(|q|)z/1dxdt7/ Ayu (1 — i (|g))) da dt =: J™F 4 gk — gk,
Q Q
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By Holder’s inequality, (4.25)), (5.3) and Lebesgue’s dominated convergence theorem, we observe that

1/2
741 < 10 2@ ola~co ( NG (i) azdt) To0 mmow
By , J;"’k — 0 as m — oco. Using Levi’s monotone convergence theorem we also get
] < /Q 0] [ (1 — (lg)) dedt — 0 as k — oo.
Consequently, it follows from and the above arguments that

lim lim /8tum7'k(|qm|)wdxdt:/8tuwdmdt.
Q Q

k— 00 m—00

Even simpler arguments give

(5.8) lim lim ng(|qm|)wdxdt=/gwdxdt.
Q Q

k— o0 m—00

Since, by (5.3) and Lebesgue’s dominated convergence theorem,

/ (@"7(lg™]) — qmi(lql)) - Vi da dt‘ < IVellz=(q) / lg"7k(lg™]) — qmi(lgl)[dzdt — 0 as m — oo,
Q Q
we also observe (again using Levi’s monotone convergence theorem) that

lim lim quk(\qm\)~V1pdxdt:/q-dexdt.
Q Q

k—ro0 m—o0

It remains to show that the last term in (5.6]) tends to zero as m, k — oco. To prove this, we will incorporate the
weighted L2-estimates for Vq™, see ([4.26)). Before starting to treat this term, we introduce, for every k € N,
an auxiliary function Gy through

t
Gi(t) :== / T (s)(1+ s%)# ds for t € [0, 00)
0
and observe that G(t) = 0 on [0, k] and
k+1
(5.9) |G (2)] §/ I7(s)| 2 sds < 2% a (1—|—k) <C(a)t for every t > k.
k

Let us now rewrite the last term in (5.6)) in the following manner:
(5.10)

[ vt arar= [ WM () (a7 dnar= [ 6 gta) - VGu(la™ s
/w ™Gr(|g™|) da dt — /wak lg™|) div £(g™) dadt =: JF + JmF,

To show that J;" * vanishes as m — oo and k — 00, we first employ, for any fixed k, (5.3) and Lebesgue’s
a+1
flq

™| Gr(lg™]) < 2% <1+k>||vw||m@ ) and obtain

dominated convergence theorem (noticing that |V -

i, [ V0 Fa")Grlla” ) drd /Q Vi - £(a)Gu(lq)) der dt.

m—r o0

Since G(t) = 0 on [0, k], we conclude from the estimate (5.9) and the fact that ¢ € L'(Q;R?) that

/ V¢~f(¢1)Gk(QI)dfﬂdt' < / Vo - £(@)Gr(lal)| da dt
Q QN{lq|>k}
C(@) | Ve = o) / gl dadt £ 0,
QN{lq|>k}

Hence, limp_s o0 liMyy— 00 Jimk =0.
In order to show that also the term J." % vanishes as m — oo and k — 0o we need to proceed more carefully.
First, recalling (2.5)), we notice that
d

div (f(g™)) = (A(@™)i 0" = (Ad™))ij0s4]" 6is = Y _ (05a™, €5) y(gm) a.e. in Q,

s=1
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where e, € R? is the sth vector of the canonical basis in R?, s = 1,...,d. This allows us to rewrite and estimate
J * introduced in (5.10) as follows:

d d
] = ‘ [ 3 0 0l e g et < e @ D [ 1007 e |Gl el
s=1 s=1

‘ : ;
< Il 3 ( / 196" gyt ( / 1Gu1a" e gy )
s=1

d )
< C(lgll (g Mwollwpz ey ) 1 llz(@) > ( /Q 1Gr(la™ Des | gm) dmdt)
s=1

1
ES) Grllg™I? )2
Cld, s |u , oo dedt| .
= ( ||g||L2(Q) H 0|||/]/plea(52)> ||z/}HL (Q) (/Q (1 ¥+ |qm|a)1/a

Letting m — oo in the last term, using (5.3)), (5.9) and Lebesgue’s dominated convergence theorem, we get

2

1) w2 < C(dlolleop ougzin) 1l ([ AU arar)”
m—oo per Q (1 + |q|a)1/a

However, as Gi(s) = 0 on [0, k] and ([5.9)) holds, we further observe that

2 2
/ Gk(|%‘)1/ dxdt:/ Gk(|%‘)1/ dedt
o (1+1g|")t/a on{lal>ky (1 +gq|")t/e

2
SC(a)/ al dmdtﬁC(a)/ lg|dzdt - 0 ask — occ.
Qnilal>ky 1+ 14l Qn{la|>k}

Hence limy, oo lim,,, o0 ‘Jgn k‘ = 0 and, taking all computations starting at ([5.10) into consideration, the last
term in (5.6)) vanishes as m — oo and k — oo. The proof of the first part of Theorem is complete.

6. IMPROVED TIME DERIVATIVE ESTIMATES AND HIGHER INTEGRABILITY OF THE FLUX FOR a € (0,2/(d+1))

In order to prove the second part of Theorem |1.2] we will combine the uniform spatial derivative estimates
established in (4.26) for (u®, g%) together with the uniform time derivative estimates that we are going to prove
next.

6.1. Improved time derivative estimates. Consider, for any ¢ € (0, 1), the unique weak solution (u®, g%)

to (4.1) satisfying (4.2) and (4.3). It follows from (4.3a)), (4.3¢) and the assumption ug € W:(2) that, for
T € (0,77,

(6.1) /(uE(T,-)—uo)uodx—i—/ /qE-Vuodxds:/ /guodxds.
Q 0o Ja 0o Ja

By setting ¢ = u® in (4.3al), followed by integration over time between 0 and 7, we also have

(6.2) [lus (T, -)||2Lz(Q) - HUOH%Q(Q) +2/0 /Qq6 -Vufdrds = 2/0 /qu’S dz ds.
Step 1. For any z: [0,T] x Q — R and for 7 € R such that ¢t + 7 € [0,T], we set

box(t ) = z(t+7,2) — z(t, m)

T

Taking the weak formulation (4.3a)) at ¢ + 7, followed by subtracting (4.3a)) at ¢, and taking then ¢ = %(Luf as
a test function in the resulting equation, we obtain
1d

— €12 € . 5 _ 5
(6.3) 5 dtHJTu ||L2(Q)+/Q5Tq Vi u® dx /Q(STg(STu dz.

Using (4.3b) (or (4.1b))) and (2.5, we observe that
1 1
(6.4)  0-q7 - Vo,ue = 0,7 - 0, Vi = / 0rq" - A(d5,)0-a" A6 + ld,q°|” = / 19:¢° 1 g ) 0 +€lora°P?,

where
G, (4,2) = @ (6,2) + 0 (¢t + 7.2) — ¢ (t,))  for 0 € (0,1).
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Inserting ([6.4) into (6.3)) and using the Cauchy-Schwarz inequality to estimate the right-hand side and the
Gronwall lemma, we conclude that for a.a. ¢ € (0,77 the following estimates holds:
(6.5)

t 1 T
2
o (e + [ [ [ 150 T gy ) 0+ ela P deas < 0 <||6Tu€<o,->||%z<m+ / ||6Tg||%2<mds>.

This would lead to the required e-independent estimates provided that we can control ||d,u2(0, -) ||%2(Q) uniformly
w.r.t. €.
Step 2. Towards this aim, we start by noticing that trivially

1
167u%(0, )Iz2 () = (7 ) = wollZz (o)

and
(6.6) [uf(7,-) = uollZ2(qy = lu (7, 720 — lluollZzy — 2 /Q(UE(T, *) — o) ug d.

Inserting (6.1) and (6.2) into we get

1 T T
§||u5('r,~)fuoH%2(Q):/ /guedxds—/ /qE~Vu€dxds
0 Q 0 Q
—/ /guodxds—l—/ /qE-Vuoda:ds.
0 JQ 0 JQ

This can be rewritten as

1
5““5(7" ) = U0||%2 ) - (Vu® — Vug)dzds

[ @
(6.7) / /g g(0, ) (u® — ug) dxds—f—/ / (u® —up) dzds
/ /dlvq (u® —up) dzds,

where g°(0, -) is defined, in accordance with Subsect. -, 4.6} through

qs (07 )
(14 1g=(0,-)|")/a
Since Vu® = f°(q°) and f° is monotone, the second term at the left-hand side of (6.7]) is nonnegative. Intro-
ducing the notation

(6.8) Vug = f°(¢°(0,-)) =

+ ng(O’ )

/ (5, ) — w02y s

and
A(s) = llg(s,) = (0, )l L2e) + [19(0, )l 20) + IV (0, )| L2 (raxa),
we conclude from (6.7)), using Holder’s inequality, that

) . - 1/2
69 y() = 5l (r) — ol ds < [ A ) ol ds < ([ a2 as) 2
0 0

This (together with relabelling s on v and 7 on s) implies that

(6.10) (y1/2) (/ A2(v ) 2.

Since y(0) = 0, integrating (6.10]) over (0,7) and using then Holder’s inequality, we get

< </OT (/OSA2(U) dv>1/2ds>2 < T/OT/OSA2(U) dvds < 72/OTA2(8) ds
wo e <o ([ asas) "

Using this to estimate the last term in , it follows from that

(6.11) |lu (7, ) — u0||2L2(Q) ds < 47’/ A?%(s) ds.
0

which implies that
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Recalling the definition of A, leads to (using also 1/72 < 1/5?)
lus (7, ) = wollf2(q) < CT /OT lg(s, ) = 9(0,)Z2@) + 190, )72 (0 + VG0, )72 (paxay ds
<Cr? (IIVQE(O, Wiz@maxay + 1900, )72 +T/OT 1859(0,)1Z2(q) ds) :
This finally gives
16-u%(0, )20y < C (qu5(07 WNi2@maxay + 190, ) 72q) + T/OT 16590, )72 (0 ds) :

As g € WH2(0,T; L*(Q)) and W2 (0,T; L*(2)) < C([0,T]; L*(R2)), the second and the third terms on the
right-hand side are boundedﬂ Hence, we finally get

(6.12) 16:u%(0, )l 20y < C (lgllwr20,752(0)) + CIIVE (0, )| 12 (@ raxa).-
In order to estimate ||V q®(0, )|/ L2(q;raxq), we first recall that it follows from (1.3)) and that
151
0.-
U > |Vu| = ( - —l—a) lg®(0,)| > |9°(0,)] +— ae inQ,
(1+1g=(0,-)[*)= (L+1g°(0,-)|*)=
which implies that
€ a u* € ay1+1 1
(6.13) 1g°(0,)[* < 1_Ua and (14 [q°(0,)[*) "= < m~
Next, applying the partial derivative w.r.t. z; to and using also (2.5 we get
Vojuo = Ag°(0,-))2;9°(0,-) +€9;4°(0, -).
Taking the scalar product of this identity with 0;¢°(0,-) and summing the result over j, j = 1,...,d, we arrive

at
E‘ng(ov )‘2 + IVqE(Ov ')I?&(qi(o,-)) = V2uO : Vqs(oa ) < |V2UO| |Vq6(07 )l
By virtue of (2.8), this leads to
|Vq5(07 )|2
(1+g=(0,-)[e) =

which implies that

v
(1 _ Ua)l-i—% ’

<

< [V2uo| Vg (0,)] = [Vg® (0, )] < [VZuo|(1+g7(0,)|")" = |V 2uq]

R 1
V@ (0, )|l L2 (raxdy < 5T V2o | L2 (rax ).

(-
Consequently, using (6.5)) and (6.12)), we conclude that
t 1
(6.14) [|0-u(t, ')||%2(Q)+/ /Q/ |5Tq€|,i(q; ) d9‘1'5|5¢¢1€|2 drds <C (”g”WLZ(O,T;LZ(Q))v HUOHW&?(Q),% U) .
0 0 *

Step 3. Letting 7 — 0 in (6.14)) (¢ € (0, 1) being fixed) we claim that

t
(6.15) |Opu® (¢, ')”%2(9) +/0 /Q |8tq€|i(q5) + 5|0tq5|2 deds <C (||g||W1,2(O’T;L2(Q))7 ||u0||Wz,2(Q), a, U) .

While the limits in the first and third terms of (6.14]) are standard and are based on weak lower semicontinuity
of the L?-norm, the limit in the second term follows from the facts that, as 7 — 0,

9. —q a.e. in Q,
0-q° — 0iq° weakly in L?(Q; R?),

followed by the convergence arguments established in Subsect. Thus, (6.15) holds. Consequently, we
conclude that d;u € L°(0,T; L*(£2)), which is the first statement of part (ii) of Theorem

2Note that it would be sufficient to assume that g€ Wwh2 (O,T; LQ(Q)) for some > 1/2.
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6.2. Higher integrability result. It follows from (4.26) and (6.15) that
2 2
/ 10:0° i (qey + 1V iigey < C (lgllwrzo.r:z2 ) [uollwz2(0), U) =: C*.
Q

Introducing the time-spatial gradient V; zu := (9yu, Oju, . .., dqu), we can rewrite the last estimate as

e12 *
/let,acq IA(qe) <C".
Using the last inequality in (2.8]), it implies thatﬂ
|vt’xq8|2 *
|, ax e s

and by simple manipulation also
/ V(14 |g°]) " P dzdt < C*.
Q

Hence, using also (4.21)), we conclude that, for a € (0, 1),

1—

(L +1g°) 7 [lwreg) =C7,
and it then follows from Sobolev embedding that
l—a %
1A +1g°)) = [lLr@) <€,
where p < oo is arbitrary if d =1 and p = % ifd>1. Thus if d =1 and a < 1 we have a bound in any
Lebesgue space. In the case of d > 1, the above computation gives that

[aria) H e <e,
Q

which improves the integrability of {g°}, uniformly w.r.t. €, provided that
(I1—-a)(d+1) 2
—_—>1 _— .
d—1 > = a1l >a

For ¢, — 0, this piece of information is preserved. Thus, the second assertion of Theorem is established.

7. GENERALIZATION TO SYSTEMS OF NONLINEAR PARABOLIC EQUATIONS

Finally, we generalize our problem and formulate the existence and uniqueness results for such a generaliza-
tion. A detailed proof is not provided as it follows from the combination of the arguments developed in the
proof of Theorem above and from the arguments used when proving the result established in [§], where the
stationary case is treated.

Theorem 7.1. Let 2, Q be as before and let F : R — Ry be a strictly convex CY' function fulfilling F(0) = 0.
Assume in addition that there exists a positive constant C' such that for all s € R there holds

C7ls| = C < F(s]) < C(1+s]).

For N € N arbitrary, set
f(q) == 0,F(lq|), where q € RN,
Let g € L? (O,T; L? (Q;]RN)), ug € Wp2 (RY) and there exist a compact set K C RN such that
Vug(z) € f(K) for a.a. x € Q.
Then, there exists a unique couple (u,q) such that
we Wh2(0,7; L2 (RY)) N L2(0, T; W2 (4 RY)),

per
qge L' (O,T; Lt (Q;RdXN)>

and
(7.1a) /Qatu'goJrq~chdx:/Qg'gadz for allgaGWplcjfo(Q;RN) and a.a. t € (0,7T),
(7.1b) Vu = f(q) a.e. in Q,
.1C Ut,' — U || L2(Q:RN —+>0
(7.1c) () — ol 2y

3C* is a generic constant, whose value can change from line to line.
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