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On planar flows of viscoelastic fluids of Burgers type*

M. Bulic¢ek, T. Los, Y. Lu, J. Malek

Abstract

Viscoelastic rate-type fluid models involving the stress and its observer-invariant time
derivatives of higher order are used to describe the behaviour of materials with complex
microstructure, for example geomaterials like asphalt, biomaterials such as vitreous in
the eye, synthetic rubbers such as SBR (styrene butadiene rubber). A standard model
that belongs to the category of viscoelastic rate-type fluid models of the second order is
the model due to Burgers, which can be viewed as a mixture of two Oldroyd-B models of
the first order. This viewpoint allows one to develop the whole hierarchy of generalized
models of a Burgers type. We study one such generalization. Carrying on the study
by Masmoudi [1], where he made a sketch of the proof of weak sequential stability of
(hypothetical) weak solutions to the so called Giesekus model, we prove long time and
large data existence of weak solutions to a Burgers-type model that can be written as a
mixture of two Giesekus models in two spatial dimensions.

1. Introduction

Viscoelastic rate-type fluid models involving the stress and its observer-invariant time
derivatives of higher order are used to describe the behaviour of materials with complex
microstructure. This is due to the fact that higher order viscoelastic rate-type fluid
models are capable of capturing several different relaxation mechanisms (as well as other
non-Newtonian phenomena). Geomaterials such as asphalt, biomaterials such as vitreous
in the eye, synthetic rubbers such as SBR (styrene butadiene rubber), can serve as
examples, see Monismith, Secor [2], Narayan et al. [3], Malek, Rajagopal, Ttma [4],
Sharif-Kashani et al. |5], Rehof et al. |6] for experimental data and for corroboration this
data using higher order viscoelastic rate type fluid models. A standard model belonging
to the category of viscoelastic rate type fluids of the second order is the model due
to Burgers. Burgers [1] developed a one dimensional model; its d-dimensional variant,
d > 2, can be written (see e.g. [8]) as the following system of equations satisfied in
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Qr = (0,T) x Q, where T > 0 is a fixed number and Q C R? is a domain:

dive = 0, (1.1)
p (O +divivewv)) = divT+ pf, (1.2)
T = —pl+20D+S, (1.3)

vV v v
S+a1S+aS = D+ [oD. (14)

Here, 0; denotes the partial time derivative, V = (0, ..., 0z,) denotes the gradient with
respect to the space variables, the operator div denotes the divergence with respect to

the space variables, i.e.
d

divu = Z@mjuj

Jj=1

for any vector function u = (u1, ...,uq). Next, v is the velocity, D := £ (Vv + (Vv)T) is
the symmetric part of the velocity gradient, T is the Cauchy stress tensor, I is the identity
tensor and p (often called the pressure) is a scalar quantity associated with the fact that
the fluid is incompressible, i.e. with the constraint (ILT)). The given vector function f
represents the external forces acting on the body, the parameter p > 0 stands for the
density, 2v, ag, a1, Bg, B1 are positive material coefficients. Finally, for any tensor A,
the nonlinear differential operator 7% stands for

d
A=0a+Y vj0,,A— VoA — A(Vo)T,
j=1
v
where (Vv)T denotes the transpose of Vv, and A := A. This article concerns a robust
PDE analysis of equations describing the mechanical behaviour of viscoelastic rate-type
fluid models of a Burgers type (of models that come from simmilar thermodynamical
principles as (LI)—(T4)). By a robust PDE analysis we mean the development of math-
ematical results for any regular data (domain, time interval, boundary and initial data,
external forces, material coefficients). Obviously, the system (1) — (I4) is much more
complicated than the incompressible Navier-Stokes equations. Due to the structure of
the nonlinear equation ([I4)), for example it does not contain any diffusion term (second
order spatial differential operator), it is nontrivial to achieve apriori estimates for the
unknowns v and S controlled by data of the problem. Also, due to the presence of the
second order time derivative of S, one should assign not only initial data for S, but also
for 9;S, which again seems uneasy task (from the point of view of physical interpreta-
tion, see |9]). There are additional more general questions (such as how to appropriately
extend this model to compressible setting or how to appropriately include thermal ef-
fects) that call for a detailed understanding of physical underpinings of the governing
equations. Before going towards this direction, it is worth mentioning that — for detailed
computations see Malek, Rajagopal and Tuma 4] — the setting (LI)—(T4) follows from
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the following setting satisfied in Qr = (0,7T) x §2:

divve = 0,
p(Ow+divivewv))—divT —pf = 0, p>0,
1
B+ (B, ~1) = O, 7>0, i=1,2
Ti
2
—pl+2vD+ > Gi(B;—1) = T, 2v,G1,Gy>0
i=1
provided that we set
2
S:=> Gi(B; 1)
i=1
and 1 2 G G
L+ T2 1 2
=2 = - = 2Ly 22,
aq T , Qo T1T27 ﬂl G1+G27 ﬁo (Tl + T2>

The setting (L) — (L8]) describes a mixture of two Oldroyd-B models of the first order,

see [10].

Carrying on the thermodynamical approach developed by Rajagopal and Srinivasa [11]
(see also Rajagopal and Srinivasa |12] for a general description of their approach) and
strengthened, morerecently, by Mélek, Rajagopaland Ttuma [13]and Malek and Prisa |14],
Malek, Rajagopal and Tama [g], using also the ideas from Karra and Rajagopal [15],
developed an hierarchy of Burgers-type models that stems from four main concepts:

1. There is an underlying natural configuration that evolves together with the current

configuration and that splits the total deformation in a multiplicative way into the
part that is elastic (reversible) and the part that takes into account all irreversible
changes.

. There are more than one natural configurations associated with the current con-

figuration and these natural configurations coexist in the sense of the theory of
interacting continua, see Truesdell [16], Samohyl |[17] or Rajagopal and Tao [18].

. The basic governing equations stem from the balance equations (for mass, mo-

menta, energy) and from the formulation of the second law of thermodynamics at a
continuum level. The resulting system is not closed and, besides the state variables
such as the density, the velocity, the temperature, contains other quantities, such
as the Cauchy stress, entropy and entropy fluxes. In order to close the system, the
equations relating these quantities to the state variables and their derivatives must
be formulated. These additional equations are called constitutive equations.

. The constitutive equations can be fully specified provided that we know the con-

stitutive relations for two scalars: the Helmholtz free energy (or other thermody-
namical potential such as the Gibbs potential, internal energy or enthalpy, or the
entropy itself) and the rate of entropy production. These two scalar constitutive
relations, characterizing how the fluid (material) stores the energy and how the
energy is dissipated, suffice to determine the constitutive equations for the Cauchy
stress etc.
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Using the above mentioned concepts and ideas, Malek, Rajagopal and Tuma [8] developed
the hierarchy of viscoelastic rate-type fluid models capturing two different relaxation
mechanisms, satisfying the following system of equations in Qr:

dive = 0, (1.9)
p(Ow+divivewv)) —divT —pf = 0, p>0, (1.10)
1 i .

B, + — (B2 A BL=M) 0, 7= Gi >0, s €R, i=1,2, (1.11)

2 I//L
—pﬂ+2uD+ZGi(BM -I) = T, 2v,G1,G2>0 (1.12)

1=1
supposed that B,,, can be written as

B, =F.FL, F, eR” detF,, >0in Qr, i=1,2. (1.13)

Let us note that [, represent the deformation tensors between the natural configurations
ki and the current configuration k¢, the deformation between x; and k; takes into account
the instantaneous elastic response of the i-th component of the body upon the unloading.

Notice that (C3)-(CIZ) coincides with (LH)-(L) if we set Ay = A2 = 1.
To achieve (L9)-(LI3), Malek, Rajagopal and Tuma [8] started with the following
assumption: the Helmholtz free energy is considered to be of the form

U(p,By,,By,) = Z trIB%M— —IndetB,,) (1.14)

and the rate of the entropy production ( takes the form

1 2 X 2
C(ID], Fry Fry By, Bry) = 5 <2u|11)>|2 +) " 2v; Dy, (FLF,,) ™ ) , (1.15)
=1
where )
Dy, = —5F, 1BKlemT

and 6 > 0 is the temperature, in this article assumed to be constant. We find advanta-
geous that the approach based on the constitutive equations (II4) and (I5) provides
the a-priori estimates. This is due to the fact that in the considered setting the reduced
thermodynamical identity holds, it has the form

T:D—p(0p¥ + VU -v) =6C. (1.16)
The identity (LI6) can be derived (see e.g. [8]) from the balance of internal energy e
p(Oe+Ve-v)=T:D, (1.17)
from the balance of entropy 7
p(Om+Vn-v)=¢ (1.18)
and from the definition of the Helmholtz free energy ¥

U:=e—0n. (1.19)
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Since we consider 6 to be constant, subtracting (LI8) multiplied by 6 from (I7) yields
pOt(e —6n) +pV(e—6n)-v=T:D— 6. (1.20)

Putting (LI9) into (L20), we arrive at (LI6). Now, since the presence of the body
force f does not involve the idea of achieving the a-priori estimates, let us suppose for
simplicity that f = 0 in Q7. Multiplying the equation (II0) scalarly by v, integrating
it over (), using the integration by parts, the constraint (L)), the boundary condition
([24)) and the symmetry of T, we obtain

1d ,
—-— T:D=0. 1.21
st ol [ (1.21)

Integrating (LI6]) over €2, using the integration by parts, (L9) and (24)), we obtain

d

Summing (LZI) together with ([22]), where ¥ is expressed by ([LI4]) and ¢ is expressed
by (LI3) and integrating the result over (0,¢) leads to

/ plv(t)? + Z/ ' (trBy, (1) — d — Indet By, ()

+/ / <2V|]D)|2+Z2Vi|Dﬁi(FfiF,ﬂ)%|2>
0 Jo o

1 2 G
=3 /Qp|v(0)|2 + ;/ﬂpg(trﬂ%m (0) — d — Indet B,, (0)). (1.23)

p\If—i—/Q —T:D+6¢) =0. (1.22)

The general aim for PDE analysis is to establish for a given number 7" > 0 and
domain Q C R? long time and large data existence of weak solutions to the unsteady
internal flows governed by the equations (L9)—(LI3) in Q7 := (0,7T) x Q completed with
the boundary condition

v=0on X7 :=(0,T) x 00 (1.24)

and with the initial conditions
v(0,-) = vy, B, (0,-)=B;,, inQ, i=1,2, (1.25)

where vg and B;, are given functions satisfying suitable compatibility assumptions. The
reason for the choice of weak solution as a suitable concept of solution is twofold: First,
it is the concept that might be well defined for v and B,,, ¢ = 1,2, fulfilling (L23)
(or (C23), where instead of equality the inequality "<" holds true), and second, several
numerical methods are based on this concept of solution.

Let us note that even in the case when B, = O, there are only few studies regarding
the long-time and large-data existence theory. Lions and Masmoudi [19] analyzed the
system (LI)-(TI2) with A\ =1, B,, = O, but instead of IFB,.“ they considered the term
(Bx :=By,)

d
OB, + Z v;0;, B, — WB, — B, W7,
j=1
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where W := 1(Vv — Vo). This type of observer-invariant time derivative simplifies
the analysis, but it does not come out naturally from the thermodynamical approach
described above. Later on, Masmoudi |1, carrying on some ideas developed in Hu and
Leligvre |20] that are close to the thermodynamical set-up described above, presented the
theorem regarding the long time and large data existence of weak solutions to the system
(C3)-([CI2) with B,, = O and A := \; = 0, B, := B,,, = F.FL. This leads to the model
due to Giesekus [21]. Masmoudi reduced his proof to a sketch of the proof of the weak
sequential stability of hypothetical weak solutions in function spaces coming from apriori
estimates. Despite bringing original ideas, Masmoudi did not give the right mathematical
sense to most of the statements, which is due to the presence of highly nonlinear terms a
nontrivial task and requires additional work. Masmoudi also did not introduce suitable
approximations to the considered problem and consequently did not show their existence
and convergence to the solution of problem in interest. He also provided a proof of the
property detF, > 0 (the requirement (LI3])), but it contains mistakes at some crucial
points. We are not aware of any other results for viscoelastic rate-type fluid models
fulfilling even the equations (L9)—(TI2) with B,, = O. In particular, the case of the
Oldroyd-B model (A\; = 1) is open.

Our goal is to develop a robust mathematical theory for (L9)—(LI3]) for large class
of )\1, )\2.

However, the only apriori estimate ([.23) may not suffice to obtain even physically
acceptable regularity properties of hypothetical weak solutions to (L9)—(LI2]), at least
the integrability of the solutions over time and space, the integrability of their time
derivatives over time, nor to obtain the weak sequential stability of these (hypothetical)
weak solutions. Let us show that the system (L9)-(I2) (even with B,,, = O, B, := B,,,)
directly provides the apriori estimates even of [, trB,(t) for all t € (0,7") by the initial
data only if A := A; <1 and the apriori estimate of [, |0;(trB,)| by the initial data only
if A < 0. For simplicity let us set all material constants to be equal to one and f = 0.

Let A < 1. Summing (LI0) multiplied scalarly by 2v with (LII) multiplied scalarly
by I, integrating over (0,t) x , using the integration by parts, the constraint (L9, the
definition (LIZ), the boundary condition (I.24)), the symmetry of D and of B, = F,F%,
we get

v(t)|*+tr ' 24 B2
/Q(I (t)]+t Bn(t>)+/o/ﬂ(2|m>| 0B
z//trIB%}JA +/(|v(0)|2+tr]B%R(0)). (1.26)
0 JQ Q

The matrix B,, = F,FL is symmetric and positive semidefinite, hence it is a diagonalizable
matrix and the corresponding diagonal matrix J, has nonnegative diagonal terms. If
A < 1, then % > 1. The Holder inequality with the exponents p := % and ﬁ,
combined with the Young inequality of the form (K € (0,00) depends on p)

(a¥ +b7) < K(a+b)? Yab>0

then implies

1—X 1—X

t t t 2—X t 2—x
/ / trBL* = / / trJ §C< / / trJi’\) :c( / / trIB%i’\> . (1.27)
0JQ 0 JQ 0JQ 0 JQ
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where

C=C(T,Q,)\) € (0,00).
1-2
If A = 1, (CZ7) holds trivially. Tf f(f thrBQ*A >1, we divide (LZ0) by (fy JotrB2 ),
where in the case A < 1 it holds 2=% € [0, 1), use the nonnegativity of all terms on both
handsides of (L26) (which follows from the positive semidefinitness of B,), the estimate
(CZ17) and Korn’s inequality to conclude

/(|v( 2 + trB, (¢ // (Vo + B2 ) < G(T, 9, A, v(0), 1B (0).  (1.28)
Q

If fot Jo trB2™* € [0,1], we conclude the estimate (L28) from (L26) and (LZ7) directly.
Hence whenever A < 1, the estimate (L28) holds true. On the other hand, the inequality
—X € [0,1), which was crucial for deriving (I.28), would not be satisfied if we considered
A> 1.
Let now A < 0. If A <0, then from Hélder’s inequality with the exponents p := ?
and —L7 (let us note that p > 1), from the inequality (K € (0,00) depends on p)
< K(a+b)* VYa,b>0

(a% —i—b%)

and from the symmetry of B, it follows (C' € (0,00) depends on T', Q, \)

|B.|? :/ trB2 :/ tr]2 < C (/ mﬂi—k> =C (/ trBi_’\) . (1.29)
Qr Qr Qr Qr Qr

If A\ = 0, then (L29) follows from the symmetry of B, directly. Integrating (LI
multiplied scalarly by I over Qr, using the integration by parts, the relations (L9,
(C23), (C27), (C2]), (T29) and the Holder inequality, we get (C' € (0, 00) coincides with
C in (LZ0)

NIESE (/ |w|2)é(/ B, |2> 1+C)/Qtrma%;A < T(T, 0, ), 0(0), trB(0)).

Let us note that the inequality 252 > 1, which was crucial for deriving the last apriori
estimate, would not be satisfied 1f we considered A > 0.

In this article, as the starting point, we show the long time and large data existence
of weak solutions to the Burgers-type model ([LA)—(TI3) with A\; = 0, i = 1,2, in two
spatial dimensions, carrying on some ideas developed by Masmoudi [1]. Moreover, we
show that the solutions are strongly continuous with respect to time with values in
(multidimensional) Lebesgue spaces.

The structure of the paper is the following. In Section 2 we fix notations and formulate
the main result. In Section 3 we introduce some general mathematical tools used in the
existence proof. In Sections 4-7 we treat the system considering B,, = O. In Section 8
we conclude the existence result without the restriction B., = O.
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2. Notation and Formulation of the problem

In order to define weak solutions to the considered problem and formulate the main
result we need to fix notations. The operator ” -7 denotes the scalar product of two
vectors, the operator ":" denotes the scalar product of two tensors. The operator ” ® ”
denotes the tensor product of two vectors. For a matrix A = {Aij}g j—1 and a vector

b= (b1, ...,bq) we define the third order tensor A @ b = {(A ® b)ijk}d

ijk=1 2%

(A ®Db)jk = Ajbg.

The Euclidean norm of a vector, the Frobenius norm of a tensor, or the Lebesgue measure
of the given measurable subset of R?, d € N, is denoted as | - |. Next we define for a
matrix function A = (A;)¢,_; and a vector function b = (by, ...,bg) the operator Div
acting on the third order tensor A ® b as

d
Div(A®b) =Y 0x,(b;A).

j=1

Let Q C R? be a domain of class C%!, let 9Q be its boundary. Let 7' > 0 be a fixed
number, according to the Introduction let us denote Q7 := (0,7) x Q, X7 := (0,T) x 9.
For ¢ € [1,00] the symbol || - ||, stands for the norm in the usual Lebesgue space LI(2)
(or in its multidimensional variant (L(Q))%, (L9(£2))4*?, etc.), while the symbol | - |14
stands for the norm in the usual Sobolev space W14(Q) (or in its multidimensional variant
(Wha(Q))d, (Wha(Q))?*4 etc.). The symbol M(Q7) stands for the space of the Radon
measures defined on the closure of Q. If X is a Banach space, then X* denotes its dual
space. The dualities between Banach spaces and their duals are denoted as (-, -). Being
X a Banach space, L7(0,T; X) for ¢ € [1,00] is the relevant Bochner space, C([0,T]; X)
is the space of functions continuous in [0,7] with values in X, Cyeqr([0,T]; X) is the
space of functions weakly continuous in [0, 7] with values in X. For an open set O C R,
C2°(0) is the space of smooth functions compactly supported in O, L{ (O) is the space
of functions, whose g-power is locally integrable over O. For any ¢ € [1, 00) we introduce
the function spaces

Wol’q(Q) = {ueWh(Q);u =0 on 00},
Wé)’giv = {ue (W Q)% u=0o0n0Qdivu =0 in Q},
Ll g = {ue(Cx(Q)%dive=0in Q}”'”q,

fullwsogey == Vular Tulyes = [Vl el = lull.

If it does not cause any misunderstanding, we write the integrals over time and space
without the symbols dt, dz, for example, if g = g(t, ) is a given function defined in Qr,
we write fQT g instead of fQT g dtde. We denote the positive constants of uniform

bounds, whose exact values are not essential for our aims, as K, C, C, C, C, C*, their
values can change troughout the text.



2.1. Formulation of the main result
Starting from here, we write IF; instead of F,,, ¢ = 1,2. Let us recall that D denotes the
symmetric part of Vv, i.e. I := % (V'U + (Vv)T).

Definition 2.1 (Generalized Burgers model). In the rest of this paper by the Generalized
Burgers model we understand the following system of equations satisfied in Qp with
unknown quantities v, p, F1, Fa, By, Bo:
dive = 0, (2.1)
2

p (Ow+diviv @ v))+Vp —2vdivD _ZGZ' divB; — pf
i=1

1
OB;+Div (B; @ v)—(Vv)B;—B;(Vv)"+— (B -B;) = 0, 7,>0,i=1,2, (2.3)
p

K2

0, P, 2v,G1,G2 >0, (22)

B, = F,FT, i=1,2, (2.4)
where
detF; >0 ifB; 20, i=1,2. (2.5)
The system is completed with the boundary condition
v=0o0n X7 (2.6)
and with the initial conditions

’U(O, ') = Vo, Fl(O, °) = Fim Bl((), ') = Bio = Flon; in Q, 1= 1, 2. (27)

Before introducing the weak formulation of the system (ZI) — 27 let us set for
simplicity the positive constants p, 2v, 71, 72 to be equal to one and the external forces
f to be identically equal to zero. As one may check, if we took p, 2v, 71, 70 > 0
and f € L*(0,T; (Wg’giv)*) arbitrary, the proof of the existence of weak solutions to
the system (m)fmﬁwould be made essentially in the same way as the proof that we
present, there would only be more technicalities, distracting, in our opinion, the reader
from the main ideas of the proof. We do not set G1, G5 to be equal to one since we study
the system with two different relaxation mechanisms with different weights.

Definition 2.2 (Generalized Burgers — weak formulation). Let us assume v € L7, 4.,
Fi, € (L2(Q))%*4, By, := F;,FL, detF;, > 0 a.e. in ©Q, IndetF;, € LY(Q) and G; > 0,
i = 1,2. By a weak solution to the Generalized Burgers problem we call a quintuple
[v,F1,Fao, By, By fulfilling for ¢ = 1,2

v e C(0,7) L3 w) NE2 (0,75 W35, )
L2 (0,75 (Wo3)")

C ([0, 70; (L2(@)™) N (LH@QT) ™,
L3 (0,5 (W2(@)>))

C ([0, 70: (LY (@)™) N (LH(@Qr) ™,
LY (0,75 (WHH())™4))

815’1}

b

i (
(
(
(

&
=
m m m m m



and satisfying for all w € W&jiv, A e (WH4(Q))?4 and a.a. t € (0,T)

2
(Opv, w) —/(v®v):Vw+/D:Vw+Z/ G;B;:Vw =0,
Q Q /e

(B:(Vo)T):A +/(B§ - B;):A =0,
Q

(Vo IB%Z-):A—/

Q

(0,B;, A) —/Q(IBi 2 v): VA _/

Q

where
B; = F;F7, detF; >0 a.e. in Qr if B; # O,

with the initial conditions vy, F;,, B;, fulfilled in the sense

i [v(t) —wolla = 0,
t1_1>%1+||Fi(t)—]Fio||2 = 0,

tglg1+||Bi(t)—Bio||1 = 0.

10

(2.8)

(2.9)

(2.10)

(2.11)
(2.12)
(2.13)
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The aim of this paper is to prove the following theorem.

Theorem 2.3. Let d = 2. Let vy € L? F;, € (L*(Q))**2, By, := F;,FL  detF;, >0

n,div’ %0 107
a.e. in Q, IndetF;, € L*(Q) and G; > 0, i = 1,2. Then there exists a weak solution to
the Generalized Burgers problem in the sense of Definition [2.2.

The proof of Theorem 2.3 is split into Sections 4-8. In the following Section 3 we
introduce mathematical tools, which will be employed in the own proof of the theorem.
In Sections 4-7 we make the proof of Theorem 2.3] restricting ourselves to G; = 1,
Bs = O. In the last Section 8 we conclude the result for G1, G2 > 0 arbitrary, without
the restriction By = O.

3. Mathematical tools

In this section we present two lemmata useful for the proof of Theorem 2.3l The first
lemma is the Friedrichs lemma on commutators, see e.g. [22]. The second lemma concerns
the monotonicity of one special matrix function.

Lemma 3.1 (Friedrichs lemma on commutators, [22]). Let O C R? be a domain, d € N,
pgr €R, L= %—l—% < 1. Let f € LP(0), g € (WY9(0))?. For any z € R? and
h € Li, . (R?) let us denote

loc

ho(e) = [ wsle - y)h(y) dy.
R
where ws is the standard mollifying kernel. Then

| div(fsg) — div(fg)sl|L;

loc

Moreover, if r < oo, then

div(fsg) — div(fg)s — 0 strongly in Lj,.(O).

Lemma 3.2 (Monotonicity). Let d € N. The function S : R4 — R¥*? given by
S(X) := XXTX
1S monotone, i.e.
(SX) = S(Y): (X-Y)>0 VX,Ye R (3.1)

Proof. In the whole proof the symbol §;;, where i, j € {1, ..., d}, stands for the Kronecker

symbol, i.e.
P 1, ifi=yjy
Yo, ifi# g
The 4,j component of any matrix X € R?*? is denoted either as Xij, either as (X);;.

For brevity in the computations the Einstein summation convention is used, i.e. all sum
indices are omitted.
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For all matrices X,Y € R4¥¢ it holds

1
S00 = S(¥) = [ (S (4 a(x— 1)) ds (32)
and d 95 (K
— (S(Y+s(X-Y))) = MLW (3.3)

ds 0 (K(5)) .
where K(s) :==Y + s(X - Y), L := X -Y. Collecting 32) and (B3], one concludes

L9(S(K(s)))..
(S(X) = S(Y)) : (X-Y) _/0 #{;EBUL@L“ ds,

thus in order to prove [B.1) it suffices to show

2 (5(K)),
—— Y LyLiy; >0 VK,L e R¥4, 3.4
aKab blig — ’ € ( )
185 We write
9 (5(K)),; B)
¥ o= Kim Ky K
K 1 o bm K ig)
0iaOmb K iem Krj + 00k 0mp K im K + 0ak0bi Kim Kim
= 0ia Ko Kij + 00k Kin Kij + 60 Kimn Kam,
and finally
9 (S(K)),;
aTbLabLij = (0iaKipKij + 0ak Kin Kij + 04 Kim Kam) LayLij
= KpKyjLiyLij; + KipKyj Ly Lij + Kip KamLajLij
= (KLT) : (KLT) + (KLT) : (KTL) + (K'L) : (K'L)
1
> 3 (IKL”|? + [K"L[?) > 0,
where the first inequality follows from Young’s inequality. The lemma is proved. O

4. System with evolutionary equation for the tensor F

100 As introduced above, first we prove Theorem with restrictions G = 1, By, = O,
we denote B := By. Carrying on the ideas developed by Masmoudi [1], we start with
the setting containing the evolutionary equation for the tensor F := [F; instead of the
evolutionary equation for B = FF”. More specifically, we start with the following setting
supposed to be satisfied in Qr:

dive = 0, (4.1)

O + div(v @ v) + Vp — divD — divFFT = o0, (4.2)
1

OiF + Div(F @ v) — (Vo)F + 3 (FFTF -F) = O, (4.3)

detF > 0 (4.4)
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completed with the boundary condition

v=0 onXr (4.5)

and the initial conditions
v(0,-) = vy in{, (4.6)
F(0,:) = Fo in Q. (4.7)

Formally, multiplying (@3) by FT from right, multiplying the transpose of (@3] by F
from left and summing, we obtain the equation

9,(FF") + Div ((FF") ® v) — Vo(FF") — (FF")(Vo)" + (FF")? = FF" = 0. (4.8)

Setting B := FFT, G; = 1, By = Q, the equation ([@J) is equivalent to (Z3) and hence
the system (@1)), (@2)), (@A)-(ZS) is equivalent to the system @I)—(27) with G; = 1,
B:=B;, B, =0.

We find two advantages of this approach. First, as one may expect, the tensor F has
better regularity properties than B = FF”. Formally, multiplying [#2)) scalarly by v,
multiplying (£3]) scalarly by F, integrating over Qr, summing, using (@I)), (£3) and
standard analytical tools (for deducing the details see the rigorous computations in next
two sections), we get for all ¢ € (0,T") the apriori estimate

t
lo @)1 + [IF ()13 +/0 (IVoll3 + IF]5) < C(T [lvollz, [Foll2)-

Better regularity properties of (hypothetical) weak solutions to the system extend the set
of admissible test functions in the corresponding equations, which increases the chance
to obtain, for example, weak sequential stability of these solutions, or to make a short
proof of the property det F > 0 (the condition (Z3])). Second, after a rigorous proceeding
from [@3) to ([@F) we immediately obtain B of the form B = FF? (the condition (Z4)),

satisfying (2.3).

Definition 4.1 (System with equation for F - weak formulation). Let v € L2 ..

Fo € (L%(Q))?%2, detFo > 0 a.e. in Q and IndetFy € L1(2). By a weak solution to the
system ([{I)-(@7) we understand a couple [v, F] fulfilling

v o€ C(0,TLY ) VL0, T; Wy ki),
v € L*0,T;(Won)):

F e O([0,T) (L*(92)*?) n (L4Y(Qr))*,
OF € L5 (0,T;(Wh(Q))3*%)),

detF > 0 a.e. in Qr

and satisfying for all w € W&jiv, A e (Wh2(Q))?*2 and a.a. t € (0,7)
<8tv,w>—/(v®v):Vw+/]D):Vw+/(F]FT):Vw:O, (4.9)
Q Q Q

<8tIF,A>—/Q(IF®v):VA—/Q((Vv)IF) :A+%/Q(FIFTIF—IF):A =0 (4.10)
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with the initial conditions vg, F( fulfilled in the sense

Jm o) —vll2 =0, (4.11)
tglgl+||F(t)—F0||2 = 0. (412)

Theorem 4.2. Let vy € L? Fo € (L?(£2))2%2, detFo>0 a.e. in Q, Indet Fye LY(Q).

n,div’

Then there exists a weak solution to the system (LI)-(Z1) in the sense of Definition[{]]

The following two sections are devoted to the proof of Theorem

5. Approximations

We start with the system approximating (ZI)-(@7), where on the right handside of
the equation (£3) the term representing small stress diffusion is added. The system,
where all the equations are supposed to be satisfied in Q7, reads as follows:

dive = 0, (5.1)
o + div(v @ v) + Vp — divD — divFFT = o0,
1

OF + Div (F®v) — (Vo)F + 5 (FF'F —F) = eAF. (5.3)

The system is completed with the boundary condition
v=0 onXr (5.4)

and with the initial conditions

v(0,-) = vy inQ, (5.5)
F0,:) = Fo in Q. (5.6)

Let us note that the functions vg, Fy introduced in (@5) and (G6) coincide with the
functions vg, Fy introduced in Sections 2 and 4.

The reason for our choice of approximations is twofold. First, as we will show, the
presence of the term eAF provides the uniform estimate

ellVFull3 o, < C(T [lvoll2, [Foll2), (5.7)

where {F, }.en is a sequence of Galerkin’s approximations to F (their existence is proved
in the following subsection). The estimate (5.7) (together with the uniform bounds
of F,, and O;F,, in appropriate norms proved bellow and the Aubin-Lions compactness
lemma) leads to the compactness of {IF,, },en in (L?(Qr))?*?, which makes the proof of
the existence of weak solutions to (BI)—(E.6]) relatively simple (the system [EI)-E3) is
close to an advection-diffusion equation, see e.g. [23]). Second, considering the sequence
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{ve}, {F.} of weak solutions to (EI)—(58) and taking the limit ¢ — 0+, the stress
diffusion terms, in a weak formulation written for a.a. t € (0,T) as € fQ VF.:VA, where
A € (Wh2(Q))?*2 is arbitrary, converge to zero due to the uniform estimate (5.7)) and the
Holder inequality (1/2VF. is uniformly bounded in (L?(Q7))?*?*? and \/eVA converges
to zero strongly in (L2(Qr))?*?*?). Hence we can deduce that the (hypothetical) weak
limits of the sequences {v.},{F.} are weak solutions to the system (@I)-@7) if the
sequence {F.} is compact in (L*(Qr))?*2. The proof of the compactness of {F.} in
(L?(Q1))**? is the most complicated part of the proof of Theorem However, with
the introduced approximations, it is not much more complicated than the proof of weak
sequential stability of (hypothetical) weak solutions to (I)—(). The only difference is
that without the presence of the supplementary stress diffusion term eAF, (it is present
in (&3], but not in [@3))) the relation ([@62) would hold true with equality. However, the
achieved inequality does not complicate further computations.

Proposition 5.1. Let ¢ > 0, vg € L2 Fo € (L23(2))**2. Then there exists a weak

n,div’

solution to the system (BI)—(EH), i.e. there exists a couple [v,F] fulfilling

v € C([O7T];L$L,div)ﬁLz(()?T;WOlﬁiv)?

v € L*0,T;(Wy'hi)"),

F € Cuear([0,T]; (L*(2))*?) N L*(0, T; (WH2(Q2)) ),
OF e L3 (0,T; (WH2())2*?)%)

and satisfying for all w € Wgﬁiv, A e (Wh2(Q)**? and a.a. t € (0,T)

<8tv,w>—/9(v®v):Vw+/Q
(O,F, A) —/Q(IF®v):VA —/Q((Vv)IF):AH—%/

Q

D:Vw +/ (FFT):Vw =0, (5.8)
Q

(FFTF-TF): A +5/ VF:VA=0 (5.9)
Q

with the initial conditions vy, Fo fulfilled in the sense

Jim o)~ vl = 0, (5.10)
Jim [E(t) ~Foll2 = o. (5.11)

We split the proof of Proposition [B.1] into five subsections.

5.1. Galerkin’s approximations

Let {w;}jen be a basis of Wgﬁiv composed of eigenfunctions of the Stokes operator
subject to the boundary condition w = 0 on 952, orthogonal in Wgﬁiv, orthonormal
in L2 4, Let {A;}jen be a basis of (W'?(Q))**? composed of eigenfunctions of the
Laplace operator subject to the boundary condition VA - n = {VAy 'n}i,lzl =0
on 99, orthogonal in (W12(£2))2*2 orthonormal in (L?(£2))?*2. Let us denote W,, :=
span{wi, ..., wy }, X, :=span{Aq, ..., A, }. Let us denote the orthogonal projection from
W&jiv to W, as P, and the orthogonal projection from (W%(Q))?*? to X,, as Q.
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. . . . . 2 . 172 . . . .
The projection P, is continuous in L;, ;;, and in Wo divs the projection @, is continuous

in (L?(2))?*% and in (W2(Q))?*2. From the Carathéodory theory for ordinary differ-
ential equations it follows that there exist time dependent coefficients o7 (t),..., a2 (¢),
B (t), ..., B (t) (but we will write only a, ..., @y, 81, ..., Bn) such that

Vyp = ZO[J"LUJ' and Fn = ZﬂjAJ‘ (512)
j=1 j=1

fulfill for all j € {1,...,n}, for all t € (0,f), where ¢ is certain positive number, the
following system of equations (we denote D, := % (Vv, + (Vv,)T)):

O </ vn~wj> —/(vn R vy) : Vw; +/ D, : Vw; +/ (FH]FZ) : Vw; =0, (5.13)
Q Q Q

Q

1
O </Fn:Aj> —/ (F, @ vy,) : VA, —/ (anFn);AjJr—/(]FanFn);Aj
Q Q Q 2 Q

—E/FW:AJ‘—Fa/VFn:VAj:O. (5.14)
2 Q Q

The functions v,, are absolutely continuous in [0, f) with values in W,,, the functions F,,

are absolutely continuous in [0, %) with values in X,,, they satisfy the initial conditions
v, (0,+) = Pp(vg) in Q, (5.15)
F.(0,:) = Qn(Fo) in Q. (5.16)

The fact that £ = T is an easy consequence of the uniform estimates that follow.

5.2. Uniform estimates

Multiplying (I3) by «;, (514) by B, and taking the sum over j = 1,...,n, we obtain
(use also the symmetry of F,,FL)

615””71”%

—/(vn®vn):an+/Dn:an—i—/(IFnIFZ):an:O,
2 Q Q Q

Oc[[Fn 13 F, 7|2 — ||F,.|2
2 Q Q 2

+¢||VF,||2 = 0.

Integrating both equations over (0,t), where ¢t € (0,7T) is arbitrary, and employing the
integration by parts and the properties divv,, =0 in Q7, v, = 0 on X yields

nt 2 t t » 2
IO, [* [, v, 4 [* [ @) 5, = 100008
2 0 JQ 0 JQ 2

F.(0)3 [ *|FFEN3 — |IFnl3 ! F.(0)]13
H <>|\2_/ /<vmn>:m+/ IEAFZ13 — IFa3 +5/ VB, 2 = IEn(O)IF
2 0 J/Q 0 2 0
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By the symmetry of D,, it holds D,, : Vv,, = |D,|? and by the symmetry of F,,FZ it holds
(F.FL): Vv, = (Vv,F,):F,, thus by summing the last two equations (both multiplied
by 2), we get for all ¢t € (0,T)

t
lon (0113 + I[Fa(t)]13 +/O (2IIDn 13 + [Faly |13 + 26]| VEFn13)
t
< [lvn (0)[13 + IF (0)]13 +/O I 13
t
< [loa ()3 + [[Fx (0113 +/O (lonll3 + IF13) - (5.17)

Since [|v,(t)||3 + ||Fn(t)]|3 is estimated by the right handside of (5.I7), the Gronwall
lemma applied on (EIT) (the functions ||v,(+)||2 and ||Fy(-)||2 are continuous in [0,T))
together with the conditions (E.I5), (5.I6) and the continuity of P, in L2, 4, and of Q,
in (L2(£2))2*2 implies

o ()11 + [Fa (03 < €' (Ilon(0)II3 + [IFn (0)13) < €" ([lvoll3 + [IFoll3) - (5.18)

Let us note that the inequality (BI8) will be useful in the proof of attainment of the
initial conditions (B.5]) and (&8). The inequality (GI7) together with (5I8) yields for all
te(0,7)

t
||vn(15)||§+IIIFn(lﬁ)H%ﬂL/0 (Il + IFFL 13 + € VERl13) < C(T, [lvoll2, [|Foll2). (5.19)

The matrix F,FL acting in (5.19) is symmetric and positive semidefinite, hence it is a
diagonalizable matrix and the corresponding diagonal matrix J,, has nonnegative diagonal
terms. Thus the Young inequality gives in Qp

Fol* = (tr(F,FD))? = (tr I,)% < 2 tr(J2) = 2 tr((F,FD)?) = 2 [FFL2,  (5.20)
hence for all ¢ € (0,7T) it holds
IFalls < 2FnFL 3. (5.21)

Taking supremum over ¢ € (0,7) at each term of (5:19) and using Korn’s inequality and

B2T) leads to
sup [lvn ()] + sup [Fa(t)]13 + [Voull3 o, + [IFnlli or
t€(0,T) t€(0,T)
+el VEul3 o, < C(T, |vollz, [Foll2)- (5.22)

It remains to estimate the time derivatives of v,, and F,. Obviously, we can replace
in (513) the base functions w; by any function belonging to W,, and in (5.14) the base
functions A; by any function belonging to X,,. Let w € W(} ’iiv, by (&13) it holds for all
te(0,T)

/(8tvn~Pn(w)) = / (v ® v,) =Dy, —F,FL): VP, (w). (5.23)
Q Q
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n,div

the Cauchy-Schwartz and the Holder inequality, we derive from (523) for all w € W& ’jiv

270 and for all ¢t € (O,T)
/(&vn-w)‘ = /(8tvn-Pn(w))‘
Q Q

/ (v © vn) =D —FFy | |V Py (w))|
Q

(Ilonll + [IVonll2 + 1F[I3) [Veoll2. (5.24)

Thanks to the orthogonality and the continuity of P, in L and in W& ’jiv, employing

[(Orvn, w)| =

IN

A

By the Ladyzenskaya inequality and (5:22) it holds

T T
vl o =/0 IIvnIIEiS/0 [onl31Vonll3 < C (T, [voll2, [Foll2) - (5.25)

Integrating the second power of (524 over (0,T'), using (5:22), (525) and the Minkowski

inequality, we can write

T
100 o riargs ) < | (ali+I V03 +IFLI2) < T (T ool [Foll) . (5.26)

Analogously we estimate ||0:F,,| Let A € (Wh2(Q))?%2, by (B.14)

it holds for all ¢t € (0,T)

L3 (0,T5((W2(2))2%2)*)"

/ (0:Fn:Qn(A)) = / (F, @ v,,):VQn(A) + / (Vo Fr—F,FLF 4+ Fy) :Qn(A)
Q

Q Q

— [ VF,:VQn(A). (5.27)
Q

275 Employing the orthogonality and the continuity of Q,, in (L?(2))?*? and in (W12(Q))2*2,
the Cauchy-Schwartz and the Hélder inequality and the embedding W2(Q) — L*(Q)
(it holds [|alls < C|al|1.2 for every a € W12(Q), where C' = C(£2)), we obtain from (5.27)
for all A € (WH2(Q))2*2 and t € (0,7T)

[om.m) =| [@F.a.w)
< (IFullallvnllatelVEnl2) VA2 + [Fallo A2
+ (170 |2 B4+ Full3) 1Qn (&)l
< (IFulallvnlla+el VEallo+ [Fall2) 1Al
+ C(IV0n ol Fo a+ [Fall3) Qn(A)]112
< (IFullsllonlla+ el VEall2+ [Fallz+CIToallzlFalla-+IFal3)) 4] 2.

[(OFn, A)| =

Integrating the 3-power of the last chain over (0,7), using (5.22), (5.25) and Holder’s
and Minkowski’s inequalities, we conclude

4 J—
F,|° <C(s,T,Q, N Foll2) - 2
19FA%5 | sy < C (T llwollas [Foll2) (5.28)
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Moreover, since due to ([5.22]) we have for € < 1 (here C = C(Q))

T 4 T B
[ EIvE? < e [ IVEE < O, 0, ool [Fola),
0 0
we can omit from (5.28)) the dependence on ¢ and write

4 —
10 F | ? < C(T,Q, [[voll2, [[Foll2) - (5.29)

3(0,13((W12(2))2x2)%)

5.8, Limit n — o0

The uniform estimates (5:22), (5.26]) and (528) imply the existence of v, F satisfying
the following convergence relations (the relations hold true for suitable subsequences of
{v,}, {F,}, which we do not relable):

v, —* v weakly-* in L™(0,T; L7 4i,), (5.30)
v, — v weaklyin L*(0,T;Wy'3,) N (L*(Qr))?, (5.31)
Orwa = O weakly in L* (0,75 (W3 3,)") (5.32)
F, —* F weakly-*in L™ (0,7;(L*(Q))**?), (5.33)
F, — F weakly in L? (0,T; (W"*(Q))***) N (L*(Q1))**?, (5.34)
8F, —  OF weakly in L3 (0,T; (W2(2))>*?)"). (5.35)

Let us note that thanks to the properties v € L?(0, T} W&jiv), Oy € L? (O, T, (W&ﬁiv)*) ,

F e L> (0,T;(L*())**?) and §,F € L3(0,T; (WH2(Q))2%2)*) together with the den-
sity of (W12(Q))2*2 in (L?(Q2))?*2, the functions v, F after a possible change in a
zero-measure subset of (0,7") enjoy

v € C(0,T); Ly, ai), (5.36)
F € Cuear ([0,T]; (L*(2))**%), (5.37)
and thus (use also the weak lower semicontinuity of L2(£2) norm)
e OO = sy [00IE, 0Sto<h<T, (5.38)
o [F@I5 < esssupe(yy e [F@)I3, 0<to<t1<T. (5.39)
Employing (5.31), (5:32), (534)), (535)) and the Aubin-Lions compactness lemma, we get
v, — v strongly in (LY(Qr))? for all ¢ € [1,4), (5.40)
F, — T strongly in (L9(Qr))**? for all ¢ € [1,4). (5.41)

From (531), (534)), (5:40) and (5.40]) we obtain also the following relations:

v, ®v, — ©v®wv weaklyin (L*(Qr))**?, (5.42)
F,®v, — F®wvweaklyin (L*(Qr))****?, (5.43)
Vu,F, — VoF weakly in (L5 (Qr))**2, (5.44)
F,FL —~  FFT weakly in (L*(Q7))**?, (5.45)
F,FTF, — FFTF weakly in (L3 (Qr))>*2. (5.46)
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The convergence results above suffice to conclude from (EI3) and (5I4) for all n € N,
weW,, Ae X, and ¢ € C*(0,T)

/OT<8tv,¢w> —/T('U®'U):¢Vw +/ D:¢pVw +/ (FFT): Ve = 0,

T T

g . . 1 To .
/O (O, pA) — / (F©v): (694) - /Q (VVR):0h 4 / (FFTF — F): A

T

—|—€/ VF:(¢VA) = 0.
Qr

Since (J,,cyy W is dense in Wéﬁiv, U,en Xn is dense in (W12(Q))?*2, by using the Du
Bois—Reymond lemma we obtain for all w € W&jiv, Ae (Wh2(Q))**? and a.a. t € (0,T)

the equations (5.8) and (59), i.e.
(Opv, w) —/ (v®v):w —|—/ D:Vw +/ (FFT):Vw = 0, (5.47)
Q Q Q

(O,F, A) —/Q(IF ®v): VA —/ ((V'v)F)rAﬂL%/

(]FIFT]F—]F):A+5/ VF:VA = 0. (5.48)
Q Q

Q

5.4. Attainment of the initial data
Multiplying (BI3) by any ¢ € C°(—o00,T), #(0) # 0, integrating over (0,7) and
employing the orthogonality of P, in Li,div (together with the condition (5IH) yields

for every j < n, w; € W;

—/v0-¢(0)wj —/ vy (OP)w; +/ (= (v ® v,)+ D, +F,FL) : (¢Vw;) = 0. (5.49)
Q T T

Multiplying (547) by ¢ € C°(—00,T), ¢(0) # 0, and integrating over (0,7 yields for
every w € W&jiv

—/v(()).¢>(0)w —/ v-(Orp)w +/ (= (v ® v)+D+FFT): (¢Vw) = 0. (5.50)
¢ T

2 T

Subtracting (5.49) from (550), applying (5.31), (5.42), (5.45), the density of |,y Wa

in L2 and in W& ’jiv, passing n — oo, j — oo and dividing the result by ¢(0) leads to

n,div

/v(O)-'w = /vo-w Vw € L2, 4, (5.51)

Q Q

Multiplying (EI4) by ¢ € C°(—o00,T), ¢(0) # 0, integrating over (0,7T) and employ-
ing the orthogonality of @, in (L?(0))%2*? (together with the condition (5.16))) yields for
every j <n, Aj € X;

[ Eo:00, [ Ewi@o; = (.0 v:(0Th)

T

Tw _
+/ <—anFn+w;7"m>:(¢Aj)+s/ VF,: (¢VA,) = 0. (5.52)
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Multiplying (548)) by ¢ € C°(—00,T), ¢(0) # 0, and integrating the result over (0,7)
yields for every A € (Wh2(Q))?*2

- [ F©:000a - i (00)A - / (Fov):(97A) + / T(—vmﬂf%) (6h)
QV]F:((;SVA) —0.

Subtracting (552 from the last equation, applying (534), (543), (-44) and (G46]) and
the density of | J,cy X in (L?(22))**? and in (W12(Q))?*2, passing n — oo, j — 0o and
dividing the result by ¢(0) leads to

/]F(O):A: Fo:A VA € (L*(Q))**2 (5.53)
Q Q

In order to prove the attainment of the initial conditions in the sense of (Z.I0) and

EI0) we take the limit n — oo in (BI8). From (B30) and (E33) we deduce that
v, (t) — v(t) weakly in L2 .. and F, (t) — F(t) weakly in (L?(£2))?*2 for a.a. t € (0,7T),

n,div
hence by the weak lower semicontinuity of L?(£2) norm we have

lo®I2 + IF@)3 < e (lvoll3 + [Foll3)  for a.a. t € (0,T), (5.54)
Let 6 € (0,T) be arbitrary. From (5.38)), (539) and (5.54) it follows

ts(uop[s)(||v(t)||§+||F(t)||§) < esssup (0.5 ([0 O3+ IF@))3) < e (llvoll3+[Foll3) . (5.55)
<(0,

which yields
lim sup (le@®IZ+IF@)Z) < llvoll3+IIFoll3- (5.56)

Collecting (B.51)) with w := vg, (B53) with A :=Fy and (&.58), we conclude

limsup ([[o(t) — w03 + [F(t) - Fol|2) <0, (5.57)
t—0+

which immediately implies fulfilling of (510) and (5I1)).

6. Proof of Theorem

From Section 5, Proposition 5.1 we have for each € > 0 a couple [v., F.] fulfilling

v. € C(0,T) L2 4,) N L2 (0,T; Wy's,), (6.1)
dwe € L0, (Wo3i)"): (6.2)
Fo € Cuear([0,T]; (L3(2)2*%) N L2(0, T (W'2(02))2*2), (6.3)
OF. € L3 (0,T:(W"3(0))>*%)") (6.4)

and satisfying for all w € Wgﬁiv, A € (WH2(Q))?*2 and a.a. t € (0,T) (we denote
D. := 3 (Vo + (Vo)T)

)
(Opve, w) — | (Ve ® V) :Vw —l—/ D, :Vw —|—/ (F.FT):Vw = 0, (6.5)
Q Q Q
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(OF., A) —/Q(IFE®1;5):VA —/Q((VUE)IFE):A+%L(FEFZFE—FE):A

+€/ VF.:VA =0 (6.6)
Q
310 with the initial conditions vg, Fq fulfilled in the sense
Jim Joc(t) ~wollz = 0, (6.7)
Jim |[Fe(t) —Folz = 0. (6.8)

6.1. Limit in approximations

First, let us mention that whenever we use the results from Section 5, the functions
v, [ established in Section 5 correspond for a fixed € > 0 to the functions v., F. estab-
sis  lished in (m)*(m)
Employing the convergences (B.30)), (B.33]), we get (for suitable subsequences of {v,, },
{F,}, which we do not relabel)

vn(t) — wv.(t) weakly in L} 4, fora.a.t e (0,7), (6.9)
F.(t) — TF.(t) weaklyin (L*(Q))**? for a.a. t € (0,T). (6.10)

The convergences (531)), (534), ([€9), (€I0) and the estimate (5:22) together with (53],

(E39) and weak lower semicontinuity of all norms acting in (5:22)) lead to the following
320 uniform estimate for {v.}, {F.}:

sup |[lvel3 + sup [[F-[l3 + [[Voell3 o, + IF]3.0,
te(0,T) te(0,T)

+e|| VE: (3., < C(T. ||voll2, [Foll2). (6.11)

In order to derive the uniform estimates for d;v. in L2(0,T; (Wé,ﬁiv)*) and for 0,F.
in L3(0,T; (W2(Q))2%2)*) from 63), 6.6) and @.11), we proceed simmilarly as in
Section 5, where we derived from (B13), (514) and (E22)) the estimates for d;v,, and 6;F,,
in the same norms, see the passage (5:23)—([529) (here it is more simple since w acting in
(65) belongs to Wéﬁiv, not only to W,,, and A acting in (6.6) belongs to (W1:2(2))2*2,
not only to X,,). The estimates read as

10cvell 20,7y w2 yey + 10F<|| < CO(T,Q, ||lvollz, [Foll2).  (6.12)

it L3 (0.75((W2(2)2x2)")

The uniform estimates (@I1]) and (GI12) imply the existence of v, F fulfilling the following
convergence relations (for suitable subsequences of {v.}, {F.}, which we do not relable):

ve —* v weakly-*in L=(0,T; L2 4, (6.13)
v. — v weaklyin L*(0,T; Wy'5,) N (L*(Qr))?, (6.14)

Ow. — 0w weakly in L? (O, T; (Wéﬁiv)*> , (6.15)
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F. —* F weakly-*in L™ (0,7;(L?*(Q))**?), (6.16)
F. — TF  weakly in (L*(Qr))?*?, (6.17)
eVF. — O strongly in (L*(Q7))**?*?, (6.18)
OF. —  F weakly in LF (0,T; (W52())2*2)*). (6.19)

Let us note that thanks to the properties v € L?(0, T} W&’jiv), 0w € L? (O, T, (W&ﬁiv)*) ,

F e L (0,T;(L*(Q))>*?) and &;F € L5(0,T; ((WH2())?%%)*) together with the den-
sity of (W12(2))2%2 in (L%(9))?*2, the functions v, F after a possible change on a
zero-measure subset of (0,7) enjoy

v € C([OvTLLzL,div)v (6.20)
F € Cuear ([0,T]; (L*(2))*?), (6.21)

and thus (use also the weak lower semicontinuity of L?(€2) norm)

sup [[o(t)[3 = esssupse(sy 0[5, 0<to<t1<T, (6.22)
te(to,t1)
?up )||F(t)||§ < eSSSUPte(to,tl)||F(t)||§v 0<to<t1 <T. (6.23)
te(to,t1

Employing (€14), (6I5) and the Aubin-Lions compactness lemma, we get
v. — v strongly in (LY(Q7))? for all ¢ € [1,4). (6.24)
The weak convergences (6.14), ([6I7) together with the strong convergence (6.24) yield

v.@v. — wv®wv weakly in (L*(Qr))**?, (6.25)
F.®v. — F®wv weaklyin (L*(Qr))**?*2 (6.26)

Next, for a weakly or weakly-* convergent subsequence of {a.} let us denote the corre-
sponding limit by @. It holds

Vu.F. —  (Vo)F weakly in (L5 (Qr))**?, (6.27)
FFY  —  FFT weakly in (L*(Q1))**?, (6.28)
IF.|> — |F|? weakly in L?(Q7), (6.29)
F.F'F. — FFTF weakly in (L3 (Q1))**?, (6.30)
[F.FT2 —* |FFT|2 weakly-* in M(Qr), (6.31)
Vo F.FT  —~* VoFFT weakly-* in (M(Qr))?*?, (6.32)
D> —* D] weakly-* in M(Qr), (6.33)

as the sequences in ([6.27)) — (6:30)) are uniformly bounded in the corresponding spaces, the
sequences |F.FZ|2, |D.|? are uniformly bounded in L!(Q7) and the sequence Vv .F.F
is uniformly bounded in (L'(Q7))?*? (it follows from the estimate (G.I1)) and Hélder’s
inequality).
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The convergence results above applied on (63) and (6.6]) suffice to conclude for all
w e Wéﬁiv, A e (Wh2(Q))?*2 and a.a. t € (0,7)

(Opv, w) —/(v@v):Vw +/]D):Vw +/ FFT:Vw = 0, (6.34)
Q Q Q
(9,F, A) —/(F@v):VA— (Vo)F: A —i—%/(IFIE‘T]F—IF):A = 0. (6.35)
Q Q Q

In order to prove the attainment of the initial conditions (£11I), (I2), we follow step
by step the proof of the corresponding conditions for v. and F. (the conditions (G0,
(EII) with ve in the role of v, F. in the role of F) presented in Subsection 5.4. Let
us briefly mention what is different. In the equality corresponding to (5.49) here we
consider w € Wgﬁiv, not only in W,,, in the equality corresponding to (5.52)) we consider
A € (W12(2))2%2 not only in X,,. In order to obtain the equality

tgr&_ ; v(t) - w = /Qvo cw VYw € L, 4 (6.36)
instead of the density of |J, .y Wy in qudiv and in W&jiv, here we use only the density
of Wgﬁiv in qudiv, in order to obtain the equality

lim [ F(t): A= / Fo: A VA € (L*(Q))**?, (6.37)
t—=0+ Jq Q

instead of the density of (J,cy Xn in (L*(€2))**? and in (W"?(£2))**2, here we use only
the density of (W12(2))2%2 in (L2(£2))?*2. In order to obtain the inequality

limsup ([[o(t) — w03 + [F(t) - Fol|2) <0, (6.38)
t—0+

we employ the estimate (B.55) with v, in the role of v and F. in the role of I, the con-
vergences v (t) — v weakly in L2, 4, F. = F weakly in (L*(Q2))*** for a.a. t € (0,T)
following from (613) and (6IG]), the relations ([6.22)), (€23) and the weak lower semicon-
tinuity of all norms acting in (5.55]). Employing ([6.36]) with w := vy, (6.37) with A :=F

and (6.38), we arrive at ([@I1]) and (EI2).

6.2. Global in time continuity
Let us recall that

v € C([0,T); L2 a) N L*(0,T; Wy 3i,) N (LH(Q1))?, (6.39)
F € Cuear([0,T]; (L2(€2))*?) N (L4 (Q1))**>. (6.40)

Our aim is to prove that even
F e C(0,T]: (L()) (6.41)
Let to,t1 € [0,T1], to < t1. In ([634) set w := 2v, use the integration by parts and (6.39),

integrate the result over (¢g,¢1) to obtain

t1 t1
(el = loteo) I +2 | IDI3+2 / /Q FFT: Vo = 0. (6.42)
0 0
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Now extend v and F by zero outside of Q. Let 6 > 0 be arbitrary. Test (635) by
(ws(x— +) A(x)), where & € Q is a fixed point, ws is the standard space mollifying kernel,
hs(x) := [go ws(x—-)h(:) for every h € L, (R?), A € (C>(Q))**? is arbitrary. After the

multiplication by an arbitrary ¢ € C°((0,T)), integration over Q, using ([6.39), (6.40),
standard properties of mollifying kernels and the Du Bois-Reymod lemma, we obtain

8iF;s € L3(0,T; (C®(9))2?)

and

OFs = —DiV(F ® 1))5 + (VoF)s — (FFTF)(; +Fs a.e. in Qr. (6.43)
Multiplying (6.43]) scalarly by 2Fs and integrating the result over (tg,¢1) x 2 leads to

518~ IEstto)lE +2 [ (Div(Es & )~ (FoF)) s

t1 ty
+/ /((IFIE‘T]F)(;—]F(;):IE‘[; :2/ /E[;:IF(;, (6.44)
to JQ to JQ

Es := DiV(F(; ® ’U) —DiV(F ® ’U)5.
In (644) pass 6 — 0+. Employing (639) and (640), Lemma BTl implies

Es — O strongly in (L?(€))2%2 for a.a. t € (0,T) (6.45)

where

and
||IE5||% < ||F|la]lv]l1,2 for a.a.t e (0,T).

Applying Lebesgue’s convergence theorem on (6.45]) with majorant ||IF||§ [lv| 1%)2 integrable
over (0,7T) (the integrability over (0,T) follows from (639), (6-40) and Holder’s inequal-
ity) then leads to

Es — O strongly in (L3 (Qr))2*2. (6.46)

Using the integration by parts, (6.39), (6.40), (6.46]) and standard properties of mollifying
kernels, it follows from (6.44) by passing § — 0+

t1 t1 t1
||F<t1>||§—||wto>||§—2/ / <—w>:w+/ / FFTF:F= [ |F|3. (6.47)
t() Q t() Q t()

By (6.39) and (6.40) the terms ||D||3 and ||F||3 are integrable over (0,7, the terms
(V)F:F, FFT:Vv and FFTF:F are integrable over Qr, hence we have for all ¢y € (0,7)
(if to = 0, resp. to = T, then the following limit holds as t; — to+, resp. as t; — to—)

t1 tl
lim / (2|D13 - IF|I3) +/ /(2IFIFT:V1; - 2(Vv)IF:IF+IFIFTIF:F) =0. (6.48)
ti=to Jyy to /9

Summing (6.42) and (G.47), using the property v € C([0,T]; L}, 4,) and B.45), we
conclude the following formulae equivalent to (G.41):

Jim [F()][3 = [F(to)l3 Vo € (0,7),
1—to

: 2 _ 2 : 2 _ 2
S |[F)I = [FOS, | lim ([FE)]e = [FT)2-
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To complete the proof of Theorem [£.2] except the property detF > 0 a.e. in Qr, it
remains to show FFT = FF”, VoF = VoF and FFTF = FF’F in (6:34) and ([635). As
we already know that Vv. — Vv weakly in (L*(Q7))**? by (614) and F. — F weakly
in (L*(Qr))?>*? by (6.17), it suffices to prove the compactness of {F.} in (L?(Q7))**2.

6.3. Compactness of {F.} in (L?(Qr))**?
Let us start with the observation

. w2 g 2 op . 2 _ [ (TFE — FP2
Jim IF. ~ Pl o, = tip, [ (.2 8+ P = | (IFP - PP

T

where the last equality follows from ([@I7) and ([@29]). This observation reduces the proof
of the compactness of {F.} in (L?(Q7))**? to proving

[F|2 = |F> ae. in Qr. (6.49)

Here we follow the concept by Masmoudi [1] and work with the difference between (G.3])
(with F. in the role of F) formally multiplied scalarly by F. and ([@3]) formally multiplied
scalarly by F. Let us note that Masmoudi does not consider the term ¢AF, in (B3] as
he deals only with the weak sequential stability of hypothetical weak solutions to the
system ([I)-(@T). After the integration over (0,7) and passing € — 0+, we arrive at
the inequality formally written as

Or(TFP—[F|?) + div ((FP - F?) v) < L (TFP - FI?), (6.50)

where L is a sufficiently regular function. The inequality (6.50) may seem to be prepared
(after the integration over time and space) for applying Gronwall’s lemma and concluding
|F|2 =|F|]? a.e. in Q7 (the condition (649)). However, this conclusion is not straight-
forward unless L€ L=(Qr), [, ([F[2—|F|?) belongs to C([0,T]) and [F[2(0,-) = [F|(0,-)
a.e. in 2, about which we have no information (we do not even know whether |F|2 is
weakly continuous with respect to time), hence some additional work is required. More-
over, deriving the inequality (G.50) by employing the concept described above, is also
not a trivial task and requires some new techniques, for example, in order to avoid the
obstacles connected with the presence of highly nonlinear terms |FF7|? comming from
E3) (with F. in the role of F) formally multiplied scalarly by F. and limited as ¢ — 0+,
and FFTF : F comming from (€3] formally multiplied scalarly by F, we show that the
difference |FFT|2 — FFTF : F is nonnegative in M(Qr) using the monotonicity of the
matrix function S(X) = XX”X for all X € R?*2, introduced in Lemma 3.2l Last but not
least, in order to obtain a version of the inequality ([6.50)), from which we will be capable
of concluding the result ([6.49), at certain point we need to use the balances of linear mo-
menta (evolutionary equations for v. and v) tested by functions that are not divergence
free. This requires to reconstruct the pressures p., p and show the convergence of p. to
p in a suitable sense. As this is a kind of a more general tool, which might have further
applications (as one may check, we can replace F.F. and FF? acting in Proposition
by any H. converging weakly to H in L?(0, T (L2, (£2))?*?)), we introduce the result on
the reconstruction of the pressures and their convergence before the own proof of the
compactness.
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6.3.1. Reconstruction of the pressures and their convergence
We reconstruct the pressures by virtue of Wolf |24], then we show their convergence.

For any Q € C%!, Q c Q C Q, let us define the spaces
Wy2(©Q) = {ueW" (), u=0ondQ},
Wgﬁiv = {ue (W;%(Q))? dive=0inQ}.
The resulting proposition reads as follows:

Proposition 6.1. Let Q C Q cQ, Qe C™. Then for every € > 0 there exists p. of the
form p. = Pie + P2, where

pre € L20,T; W2%(Q)), (6.51)
poe € L2((0,T) x Q), (6.52)
d; (ve+Vpy.) € L? (o,T; ((Wol’2(§~2))2)*) (6.53)

and for all w € (Wy*(Q))? and a.a. t € (0,T) it holds

(GE:Vw)+/~p275divw, G.:=(v.®v.)-D.~F.FL.  (6.54)
Q

Q

(O (v + Vpr.o), w) = /

Next, there exists p of the form p = p1 + p2, where

p1 € L2(0,T; W22(Q)), (6.55)
p2 € L*(0,T) x Q), (6.56)
(v +Vpy) € L2 (O,T;((W&’2(Q))2)*) (6.57)

and for all w € (Wy*(Q))? and a.a. t € (0,T) it holds

<8t(v+Vp1),w>:/(G:Vw)+/p2divw, G = (wov)—D—FFT.  (6.58)

Q Q
Moreover,
pre — p1 strongly in L*(0,T; Wif(fl)), (6.59)
poe — p2 weakly in L?((0,T) x Q). (6.60)

The functions Vp1 . and Vp, belong to C([0,T]; (L*(Q))?) and
Vp1.(0,+) = Vpi(0,+) a.e. in Q. (6.61)

Proof. Since the proof is very long and technical, we decided to move it to the Appendix.
O
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6.3.2. Own proof of the compactness of {F.} in (L?(Qr))**?
The own proof of the compactness of {F.} in (L?(Qr))?*? consists of three steps.

Step 1: Deriving suitable forms of (B3] (with F. in the role of F) multiplied scalarly
by F. and limited as ¢ — 0+ and of (£3) multiplied scalarly by F. More precisely, we
show for all ¢ € C°((—00,T) x Q), ¢ >0

~ [ TP o~ [ Iulot0) - | ([FPw)- 9o 2 (T FF). )

{M(@Q1),C(@Qr)}

+ <|IE‘IFT|2,<p F2p <0 (6.62)

>{M<m>,0<cz_ﬂ} _/QT

and

= [ 16 dup~ [ [FolPe0) - [ (EP)- Ty~ 2| ToFs (o)
Qr Q Q Qr

T

+ / (FFTF-F - [FP) o = 0. (6.63)

Let us note that in ([6.62]) and (G.63)) all differential operators act on the test functions ¢.
In further computations it enables us to extend all functions acting in (.62) and (6.63)
by zero in (—00,0) x (R?\ ) and mollify the equations over time and space such that the
terms [, ([F[2(¢,-)—|F|2(¢,+))s tend to zero as the mollification parameter J tends to zero
and t approaches zero from bellow. As we will see, this approach eliminates the obstacles
connected with the lack of information on the time continuity of [F|2. Moreover, in (6.62)
there is no more the term containing eAF, : F., and as a consequence, ([6.62]) does not
hold true with equality, but only with inequality. However, the achieved inequality does
not complicate further computations.

Step 2: Deriving the following form of (6.50):

~[ (FE-r)ow [ (FP-1eP)o-veo< [ L(FF-1FP)0. (o0

T

where p € C2°((—00,T) x Q), ¢ > 0, is arbitrary, and L is an L*(Qr) function.

Step 3: Renormalisations of (6.64]), passage to the test functions ¢ > 0 of the form
o = ¢(t,x) = U(t)n(z), where ¥ € C>®(—o0,T) and n € C(Q2), then by a suitable
choice of the renormalisation function and of the test function concluding the result

|F|2 = |F|? a.e. in Qr, which is, as introduced above, equivalent to the compactness of

{F} in (L2(Qr))>.

Performing of Step 1. Let us extend F. continuously with respect to (W1?(R?))?*2
norm and v, by zero outside of Q. Let &y > 0, Q5, = {x € Q;dist(z,00) > do},
let § € (0,00) be arbitrary. Let ws denote the standard space mollifying kernel and
hs(x) = [4ows(x — +)h(-) for any fixed point € Q and h € L, (R?). Let us note

that 9,F., € L3(0,T;(C°>(9))2*2) due to [B0) tested by (ws(x — ) A(z)), where
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A € (C°(Qs,))%*? is arbitrary, multiplied by an arbitrary ¢ € C°((0,T)) and inte-
grated over Qr, and due to the facts F. € (L*(Qr))?*?, v. € L?(0,T; W&jiv). In ([G.6) set
A :=2(ws(x— -) p(x) Fey(x)), where x is a fixed point in Q and ¢ € C°((—o0,T) XNy, ),
@ > 0, is arbitrary, to obtain a.e. in Qp

2 (0iFc; 1 (¢Fes) + Div (Fey @ ve) 1 (Fe;) — (VoeFe)s: (0Fe,))
+ (FFIF.—F.),: (pFc;) — 2eAF, : (oFc;) = 2Ee; : (¢Fe;)

with
E., := Div(F., ® v.) — Div(F. ® v.)s.

Integrating over Qr, using the integration by parts and the property divwv. = 0, yields
(let us note that F., € C([0,T]; (L*())**?) since F., € L*(0,T;(C*>(2))**?) and as
mentioned above, ,F., € Lz (0, T; (C>(Q))2*2)

= e @) | s O o(0) = (FeuPoe) Vo =2 || (T (oF)

QT T
+/ (F.FTF. — F.),: (¢F.,) + 2 (/ \VF.,I?0+[ VF.,:(F., vw)
Q Qr Qr

T

= 2/QTIEEJ ((pFey). (6.65)

First let us pass § — 0+. Since F. € (L*(Q1))**?, v. € L*(0,T; Wéﬁiv), Lemma 311
implies
¢E., — O strongly in (L%(Q))2X2 for a.a. t € (0,T) (6.66)

and
||¢E55||% < C||Fe||a]|vell1,2  for a.a. t € (0,T). (6.67)

By Lebesgue’s convergence theorem with majorant ||IF5||§ ||v5||1%12 integrable over (0,T)
(the integrability over (0,T) holds true as F € (L*(Qr))**?, v. € L*(0,T; W&jiv), using
the Holder inequality), we obtain from (G.66) and (6.67) that ¢E., — O strongly in
(L3 (Qr))**2, and since F. € (L*(Qr))2*2, we arrive at

51ir(r)1+ o E.,:(¢Fc,) = 0. (6.68)

Employing (6.68]), the fact F.(0) = Fy a.e. in , which follows from (E53), using also
standard properties of mollifying kernels and nonnegativity of the term e fQT |VF., %o,
taking lim sup,_, ., in (6.65) leads to

_ 2 _ 2 _ 2,0 . _ .- T
/Q TF () /Q IFo[2(0) /Q (. v.)- Vo 2/Q T (FLE)

T

+/ ([FFI2—|F[?) o + 25/ VF.:(F. ® Vy) <0. (6.69)
QT Qr

Now we pass € — 0+. The term ¢ fQTVF€ : (Fe ® Vo) converges to zero by ([6.I7) and
(618). Taking into account the convergences (6.24), (629), (631), (6.32]) and the fact
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that dp > 0 (connected with ) is arbitrary, passing ¢ — 0+ in ([6.69]) implies the resulting
inequality (6:62).

We proceed analogously in order to prove (6.63) (in fact it is more simple). Let us
extend IF and v by zero outside of . Let § > 0. In (6.35]) set A := 2(ws(z—-) ¢(x) Fs(x)),
where x is a fixed point in §, ws is same as above, ¢ € C°((—o00,T) x 1) is arbitrary.
Integrating the result over Qr, using the integration by parts and the property dive =0
in Qr (let us note that Fs € C([0,T]; (L*(Q))?>*?) as F € C([0,T]; (L?(2))**?) and
Fs(0) = (Fo)s a.e. in Q by (631)), we arrive at

/ ol (01) -  1Eo)s /(W >w—2/Q (VoF) ,: (¢F5)
+/ ((FFTIF—F)(;:E;)ga:Q/ Es:(¢Fs)  (6.70)

T
with
Es .= DiV(F(; (24 'U) — DiV(F (24 '1))5.
Using Lemma [3.I] Lebesgue’s convergence theorem, the properties F € (L*(Qr))?*2,
v € L%(0,T; W(} ’giv) and standard properties of molllifying kernels, passing § — 0+ in

(670) gives the result (6.63).

Performing of Step 2. We derive the inequality ([6.64]) from (6.62]) and (663)) attained
in Step 1 by showing the following inequalities for all ¢ € C°((—00,T) x Q), ¢ > 0, and
some L € L*(Qr):

FFT|2 — FFTF : F > 0, 6.71
<| | S0>{M(@>70<@>} - (6.71)

<Vv:IFIE‘T — VoFF, 30> / L(FE - |F[2)p. (6.72)
Q

T

{(M@r).c@n)}

For the proof of the inequality (G.7I) we employ the monotonicity of the matrix
function S(X) := XXTX for all X € R?>*2| see Lemma The convergences (6.17),

(630) and (631 imply that the left handside of (G711 is equal to

. T2 T R TRy - _
lim QT(lFaFal (F.FIF.):F — (FF'F): (F - F)) ¢

: T T .
= lim QT((FEFE F. — FETF): (F. — F)) ¢ > 0,

where the inequality follows from Lemma

The proof of ([672) requires to express its left handside as the sum Z?‘:l I;, where

I o= <Vv:(IFIFT) - Vv:IFIFT,gp>{M(@) @) (6.73)

I = /Q (W:W— Vv:(IFIE‘T)> o, (6.74)

I3 ::/ (Vv: (FFT) — VoF:F) ¢. (6.75)

T
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The term I is treated by the following lemma.
Lemma 6.2. For all ¢ € C°((—00,T) x Q), ¢ >0, it holds

= (|D|2—|D?, <0. 6.76
(IDF-p| so>{M@C@}_ (6.76)

Proof. The inequality in the relation (G.7G) is obvious due to the weak convergence
D. — Din (L*(Qr))**? (see ([6.14)) and the weak lower semicontinuity of L?(Q7) norm.

Let us show that
= (IPP-IDi%, )
<| F=iple {M@m),c(@r)}

by employing Lemma [6.1] on the reconstruction of the pressures p., p and their con-
vergence and the convergence results from Subsection 6.1. Let ¢ € C°((—o00,T) x Q),
@ > 0, be arbitrary, let us recall that we assume 2 to be Lipschitz, hence for every § > 0
there exists a smooth set Q C Q C Q such that [Q\ Q| < 6. For a fixed t € (0, T) subtract
[658) tested by (v+ Vp1)e from ([6.54) tested by (ve + Vpi1 )y, integrate the result over
(0,T), use ([6.33]) and pass € — 0+ to obtain

lim [ (=Vov.:(F.FY) + Vo: (F.FD))p = lim Y J;.,

e—0+ Qr e—0+ =
where
T T
Jie = / (Or(ve + Vp1e), p(ve + V1 o)) —/ (Oc(v + V1), (v + Vp1)),
0
Jae 1= / (ve ® ve): (pVve) / (v@wv):(eVv),
QT T

J3e /(%@va (v ® Vo) /(’U@’U):(U(X)Vgo),
Q Q

T T

i = / (ve ® v2): (Vpre @Vt oV2pye) + / (v ® v): (Vpr &Vt oV1),
Qr

T
Js.o i / (ID<2— D) o,
Qr

Jo,e 1= / D, : ((v-+Vp1e) @V + oV7p1.) / D: ((v+Vp1) @V + oV3p1),
Q T

T

Jre 1= —/ P2.e (Ve + V1) Vo + @Apy ) +/ p2 (v + Vp1)-Vo + @Apy),
Q Qr

T

Jse = —/ (FFT) : (ve+ Vi) ® Vip) +/ (F.FT) : (v+Vp1) @ Vo),
Q Q

T T

Joe = —/ (FFT): (oVp1..) +/ (FFT): (0V2pn).

T

Our aim is to show that all terms J;., j = 1,...,9, except J5 ., converge to zero. The

convergence of Js ., Ju . and J; . for j =6, ...,9 follows from (©.14), (624), [©25), (629),

(E59) and ([660). In order to treat Ji o, we use the integration by parts, i.e.

T 2 2
v:(0)+Vpy (0 IR v/
/<3t(’vs+Vp1,s),w(vs+Vp1,s)> __ [ [0+ Vp0) ©(0) — et Vel Opp
0

Q 2 Qr 2
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and

T ) ., P
[ o om, storvmy = [ POTROL ) [ 2T,
0 Q .

Since v, v belong to C([0,T7; thdiv), Vp1.e, V1 belong to C([0,T); (L?(2))?) for every

smooth Q C © € Q and for each € > 0 it holds v.(0) = vo = v(0) a.e. in Q, Vp; (0) =
Vp1(0) a.e. in 2, we have

Ve e § v -
_/| O+VprOF ) +/ wwm:&
O Q

2
from (6:24) and ([G59) it follows
Vpiel? Vpi|?
lim — [ve +Vp1 (| 3tg0+/ |v+Vp1| Dy = 0,
=0+ Jor 2 Qr 2

hence J; . — 0 as ¢ — 0+. It remains to prove that J,. — 0 as ¢ — 0+4. Using the
integration by parts and the property divw, = dive = 0 in Qr, it holds

Jz,s——%/T('UE®'UE):('UE®V@)+%/T(v®v):(v®v¢),

which converges to zero by (6.24)) and (6.25)). Finally, as J5 . — I by (6.33), the lemma
is proved. O

The term I (see (674) is estimated, using (617), (€28), ([€29), the Cauchy-Schwartz
inequality (together with the inequality |XY| < |X||Y]| for all X, Y € R?*2) as follows:

. . T
I = 51_1)%1+ QTW. (F. —F)(F- —F)") ¢

IN

: _ 2
Jim QTIVvIIJFs Fl%e

[ 1ol (BF-1#R) ¢, @0
Qr
The term I3 (see ([6.73)) is estimated, employing (6.14)), (617), (6:29), ([€33)), the Cauchy-

Schwartz inequality (together with the inequality |XY| < |X||Y] for all X, Y € R?*?) and
employing Korn’s and Yong’s inequalities, as follows:

= Jim [ (Vo= Vo)~ F2): (o)

~ tim. /QTWUE _ V| [F. — F| [Flo

< lim (§|W€ — Vo[ + |F. — IF|2|IF|2) v
e—0+ Qr

< lim (é|ID>€ — D+ C[F. — IF|2|]F|2) o
e—0+ Qr

= <W ~IDF*, 90> * O/QT(W— IFIQ) (IF ), (6.78)
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where € € (0,1] is such small that we could set £ < 1 in the last inequality.

Summing (6.76]), ([@77) and [@78) and employing the definitions (673) [@74), [E7H), we
obtain for all ¢ € C°((—00,T) X Q), p >0

3
Vo -FFT — VoF T, L I-</EW_F2
< S0>{1‘4<QT)10<QT>} Z is (IF]2 = [F[*)¢
with
L= (Vo] + C|F[*) € L*(Qr),

which is the inequality ([6.72) completing Step 2, where in ([6.64) we can set L := 2L + 1.

Performing of Step 3. As introduced above, the last Step 3 consists of renormalizing
the inequality (6.64)) achieved in Step 2, proving that the renormalized inequality is valid
even for nonnegative smooth test functions ¢ supported up to the boundary of 2 and
concluding by a suitable choice of such ¢ and of the renormalisation function the result
|F|2 = |F|? a.e. in Q7. The following Lemma concerns renormalisations, in the next
Lemma [6.4] the passage to the smooth test functions supported up to the boundary is
treated.

Lemma 6.3. Let f := |F|2 —|F|?>, B € C'([0,00)), 0 < B'(s) < K for all s € [0,00) and
some K € (0,00). Then it holds for all p € CX((—00,T) xQ), p >0

- [ B0~ [ BOW0O) - /Q

B(f)o-V < / LIB'(f)¢ (6.79)
Qr

T Qr
with L =1+ 2 (|Vv| + O|F|2).

Proof. First we need to show f > 0 a.e. in Qp, so that the formulation of the lemma
has sense. The relations (617) and (6:29) yield for all ¢ € C°((—00,T) x ), ¢ >0

/ (PP 1F1?) o = lim / IF. — FPy. (6.80)
Q =0+t JQr

T

Since F., F definitely belong to L?(0,T; (L,.(£2))**?), we get from (6.30)
f=[F2—-|F?>0 ae. inQr. (6.81)
Now it follows the own proof of the lemma. As we proved in Step 2, it holds for all
(b € Ogo((—OO,T) X Q)a d) > 0
- [ o0~ [ fo-vo< [ s (6.52)
Qr Qr Qr

Let us extend v and F by zero outside of Qr, set ¢ := ws(t — -, & — -), where [t,x] is a
fixed point from (—oo,T) X, § > 0 is arbitrary, ws is the standard time-space mollifying
kernel and hs(t,x) = [; pows(t — -, @ — +)h(:,+) for any h € L} (R x R?), and multiply
the result by (B'(fs5)(t, x) ¢(t,x)), where ¢ € CX((—00,T) x Q), ¢ > 0 is arbitrary. We
obtain

O fsB'(fs)e + div(fv)sB'(fs)p < (Lf)sB'(fs)p ae. in (—00,T) x Q,
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which can be rewritten into the form (use the property dive =0 in (—o0,T) x Q)

B(fs)e+div (B(fs)v) o < (Lf)sB'(fs)p+ssB'(fs)p a.e. in (—oco,T)xQ, (6.83)
where
s5 = div(fsv) — div(fv)s.

Let us note that supp f5 C (=6, T + 0) x R? and especially f5(—48) = 0 whenever § > 4.
Integrate (G.83]) over (—oo7 T) x Q, use the integration by parts to obtain

=< /75 /Q (Lf)sB'(fs)e + 55 B'(fs)e) - (6.84)

First we pass 6 — 0+. Since f € L?((—o0,T) x Q), v € LQ(—oo,T;W&ﬁiv), Lemma B.1]
implies that s; — 0 strongly in L}, .((—oc0,T) x Q). Since B’ is bounded, it holds

T
li B —0. 6.85
5_1>%1+/,g/98‘5 (fs)e (6.85)

Now let us treat the first term on the right handside of (6.84). As L € L?((—o0,T) x §2),
J € L?((—00,T) x ), it holds (Lf)s — Lf strongly in L}, .((—00,T) x ). For a suitable
subsequence then (Lf)s — Lf a.e. in (—o0,T) X , fs — f a.e. in (—o0,T) x 2, and
since B € C([0,00)), it holds

(L)sB'(fs) — LFB'(f) = 0 awe. in (—o0,T) x Q. (6.86)

Next, B’ is bounded (0 < B’ < K), from the standard properties of mollifying kernels
it follows [[(Lf)slln1((—oo,r)x0) < IILfIlL1 (=00, 7)x2), hence the Lebesgue convergence
theorem with the integrable majorant 2K L f applied on (6.86) implies

513&/ /Q (Lf)sB'(fs)¢ / /QLfB (6.87)

Now the terms on the left handside of ([€.84)) will be treated. It holds f5 — f strongly in
L} ((—00,T) x Q) and B is Lipschitz (B € C1([0,00)) and the derivative is bounded),

loc

thus
B(fs) — B(f) strongly in L}, ((—o0,T) x Q),
which together with the property v € (L?((—o00,T) x Q))? implies

Jim [ [ BUae- B Vo = [ [ BB Vo),

Taking the limit § — 0+ in (6.84) and then § — 0+, employing the last limit and the
limits (685]), (G-87), we conclude

- [ Bthaw - [ BOwo) - | B(f- Ve < [ Lis e

T Q T
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Lemma 6.4. Let f := |F|2 —|F|?>, B € C'([0,00)), 0 < B'(s) < K for all s € [0,00) and
some K € (0,00). Then it holds

- [ Bthae - [ BOwO - Bo-ves [LiB G 089
Qr Q Qr Qr

with L =142 (|Vv| + C'|IE‘|2) for all ¢ >0 of the form

ot ) =yt)n(x), 1€ C((—o0,T)),n € C™(Q).

Proof. Let us define
Em () := X (dist(z, 09)),

where
_ o _JO ifs < %
nls) = x(ms). x € (0,00, 1) € 011 ) = {13
From the definition of &, one observes
0 if dist(x, 0Q) < 5=
nle) € 0.1) n@) = {} e 00 ST (6.89)

Since ) is a bounded Lipschitz domain, the function dist(x, 92) is Lipschitz, and as a
consequence

[Vén| < Cm in Q.

(6.90)
Notice that 1 — &, is not supported outside of the set A,, := {w € Q; dist(z,0Q) < %}
and V&, is not supported outside of the set A,, = {w €02 5 < dist(z, 002) < %}
Since €2 is a bounded Lipschitz domain, it holds |Am| — 0, |[Apn| = 0 as m — oo.

Let ¢ € C°((—00,T)), n € C=(Q), ¥n > 0, be arbitrary. Our goal is to prove

- [ B@w— [ Bowom-[ B @-0vn < [ LBl 69

T QT

We write

- / B(f) (00 — / BO)$(0) - / B(f) (v-4¥n)

T

:—/ B(f) 0h(4mém) — / B(0) (1) (0) — / B(f) (v V(entm)
Qr Q

Qr

- / B()Ou n(1 — &m) — / B0)$(0) (1 — &)
Qr Q

- BUY v &) + / B(f) (v 41 VEm) (6.92)
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For the first line of the right handside it holds

m—r oo

i (- / B() autunee) = [ BO) (om0 0) - /{D2 B o Ve

< tim [ LIB(fném < /Q LEB'(fyen].  (6.93)

m—r o0 QT

The first inequality follows from Lemma and the second one from the fact |£,,| < 1.
For the first term of the second line of the right handside of (6.92) we have (use that B
is Lipschitz, f is (quadratically) integrable over Q7 and lim,, oo |Am| = 0)

lim ’/ 1o n 1—§m’<0hm//
m—0o0 m—0o0

< leigloo ILf +BO) L1 (0,1)xAm) = 0.

The second term of the second line and the first term of the third line of the right handside
of ([692)) are treated analogously, they converge to zero as m — oo. For the last term of

[692)) we have

Jin | [ 5) @] < €t [0 1807y m

IN

Q

=
S—
)ﬂ
=~

N T v
< li B TR ARTvocy
< ¢ lim /0 /Am ) St 09
< érigl})o||f+3( N ezo,1)xAm) 1VVIL2@r)

where in the last inequality we employed Hardy’s inequality for v and at the end we used
that f € L2(Qr), Vv € (L*(Qr))**? and lim,, s |A,,| = 0. Since the second and the
third line of the right handside of (6.92) converge to zero (as we have just proved), the
equality ([6.92]) together with the relation ([€.93)) yield (€91]), which ends the proof of the

lemma. O

Now we are prepared to conclude f := W — |F|? = 0 a.e. in Qr. Let us employ
Lemma 6.4 with B(f) = In(f + &), where & > 0 is a small number. Setting in (G.88))
o(t,x) = Y(t)n(x) with 9, <0, #0in (0,7), n =1 in Q leads to

—/QTln(f—l—é)&gw—/ﬂlné@[}(wg/% Lf

f+eé
where the left handside can be written as

—/Tln(f+5) atw+/T1n58tw——/T1n<1+§> .

Hence it holds

(4

)

/ Jp‘ < C(T,Q) (6.94)

f L
—/T1n<1+g) 8t7,/1§ or m
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since L € L?(Q). If it did not hold f = 0 a.e. in Qr, then the left handside of (G.94)
would blow up to 400 as & — 0+ since f > 0 a.e. in Qp, d;¢p < 0 and @ # 0, which
would be a contradiction with the uniform bound of the right handside of ([694]).
Hence
f=IF2—=[F?=0 ae. inQr, (6.95)

which is, as introduced above, equivalent to the compactness of {F.} in (L?(Qr))?*2.

6.4. Positivity of detF
The aim of this subsection is to prove detF > 0 a.e. in Q7 by showing the uniform
estimate
sup/Sg(det F(t)) > —oo for a.a.te (0,7T), (6.96)
&>0.J0
where Sz(+) are truncations of the function In(-) (specified later).
The evolutionary equation for the tensor F is formally written (see (L3)) as

O,F + Div(F ® v) — VoF + %(IE‘]FTIE‘ _F=0. (6.97)

Formally, multiplying ([6.97) scalarly by % (with convention %:@
if det F = 0), using ddet F = det F tr(F~'0F), where 0 represents either the partial time

derivative J;, either the partial space derivative 9,,, i = 1,2 (see e.g. |8]), we obtain

1(detF — &)t
O Sz(det F) + div(Sz(det F)v) + —M tr (]FFT — H) =0, (6.98)
2 detF
(a=8)*

where Sz(a) is a primitive function to 5, i.e.

1na—|—§~ ifa> ¢,
Se(a) '_{ Iné+1 ifa<é

Rigorously, extend v and I by zero outside of . In (635) set

(detFs(x) — &)™ F=T

A:=2 —-
w(@ =) det Fs(x) J

(),
where x is a fixed point in Q, ws denotes the standard space mollifying kernel and
hs(x) := [zo ws(x — +)h() for any function h € L}, (R?), to obtain a.e. in Qr

loc

2(det Fs — §)+
detFs

_ 2(det Fs — &) _
FFTF)s :F;T —2) = 2% " R .F; 7
((FFTE)s : 5 —2) detFs 070

01S=(det Fs) + div (Sz(det Fs)v) + (VoF)s : F;°

(det Fs — §)+
det Fs
where

Es := DiV(F5 ® ’U) - DiV(F ® 1))5.

Let t € (0,7). Integrating the last equation over (0,¢) x Q, using the integration by
parts, the properties divo = 0 in Q7, v = 0 on Xr and Sz(detFs) € C([0,T]; L*(£2)),
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Sz(det F5(0)) = Sz(det(Fg)s) (we know that Fs 6 C([0,T); (L3(£2))2*2), F5(0) = (Fo)s
a.e. in ), see e.g. Subsection 6.3, Step 1, and Sz(+) is Lipschitz continuous), we obtain

/ S=(det Fs(t / S=(det(Fo)s) + 2 / / detd]i‘z];é 2 (VoF); 1 5T
det Fs — T det]FJ T
FFTF Loy o [etE T et .
/ /Q detE; (( Js : / /Q detE; 5% (6.:99)

The right handside of ([6.99) converges to zero, it follows from Lemma 3] and Lebesgue’s
convergence theorem (proceeding analogously as in Subsection 6.3, Step 1). Next, let us

. . . —-1 adj A
note that any nonsingular matrix A satisfy A7 = ﬁ,

%A‘l has the same regularity as A, and since F € (L*((0, 7)) x R?))?*2 (thus for

a subsequence also Fs — F a.e. in Q7), we can state for a subsequence
(detFs — 5)+Fgl . (detF —&)*
det Fg detF

Employing (6.99) with the right handside converging to zero, the property divw = 0, the
convergence (G.100) and standard properties of mollifying kernels, we get

S:(det F(t)) — [ Se(detFo) + WetF— 9" pe o) 0. (6.101)
Q Q Q detIE‘

Since detFy > 0, IndetFy € L'(Q), S’g(detIFo) > IndetFo and F € (L?(Q7))?*?, the
relation (GI0T) implies

sup/ Sz(det F(t)) > —oo  for a.a. t € (0,T), (6.102)
0Ja

thus in two spatial dimensions

F~! ae. in Qr, weakly in (L*(Qr))?*2.  (6.100)

which leads to the result
detF >0 a.e. in Q7.

7. Proof of Theorem 2.3 with G; =1, B = O

To complete the proof of Theorem 2.3 with restrictions G; = 1, B := By, B, = O,
except proving ([2.13) and the continuity of B in time, it remains to proceed rigorously
from ([@3)) to (L8). More precisely, it remains to derive from ([@I0) the relations ([2.9]) and
@I0) with Gy =1, B := By, B, = O. Let us extend F and v by zero outside of Q. Test
@I0) by (ws(x—-) A(x) Fs(x)), where x is a fixed point in €, ws is the standard space
mollifying kernel, hs(x) := [g. ws(x —+)h() for every h € L, (R?) and A € (C>(Q))**?
is arbitrary. Then test transposed @I0) by (ws(x — +) F¥(z) A(z)). Summing both
acquired equations, multiplying by an arbitrary ¢ € C2°((0,7)), integrating over Qr,
using the integration by parts and the properties diveo = 0 in Q7, v = 0 on X7, we

obtain
—/Q (FsF3 ) : (0rd)A — ; (FsFy) ®v) :¢VA — g ((VuF)sF§ + Fs(F" (Vo)T)s) : oA

+% / ((FFTF)sF; + Fs(FTFFT)s) : oA — / (FsFLY): pA = / (JE(;F? +IF5E5T) : PA,

T T T
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where

Es .= DiV(F(; (24 'U) — DiV(F X '1))5.
Employing F € (L4((0,T) x R?))?*2, v e L2(0,T; (W1?(R?))?) and Lemma B.1] together
with Lebesgue’s convergence theorem, we obtain E; — O strongly in (L% (Qr))?>*? and
due to standard properties of mollifying kernels then

—/ (FF"):(0i¢)A — | ((FF") ® v):¢VA +/ (=Vu(FF") — (FFT)Vo™) :9A
Q Q

T Qr T

+ / ((FET)*~FF"):6A =0. (7.1)

Setting B := FFT, we get B € (L?(Qr))?*2, and as also v € L2(0, T Wé)’giv)ﬂ(L‘l(QT))Q,
C>(Q) is dense in W14(Q) and WH4(Q) — L*°(Q), from (1)) it follows

0B € L' (0, T (WH(Q)***)")

and, using also the Du Bois-Reymond lemma, from (Z.I)) we conclude [29) with B := B,
of the form (210).

It remains to show
B € C([0,T]; (L'(€2))**?)

and the attainment of the initial condition [ZI3]). We write for all o, t; € [0,7] (the
second inequality follows from the Holder inequality)

; [F(t1)F(t1)" = F(to)F(to)" | = \F(fl)(F(fl) —F(to))" + (F(t1) — F(to))F(to)" |,

/ [F(e)] [F(t2) = Flto)| + [F(t2) = F(to)| [¥(to)|
< IR0 lIF (1) = o)l + 1) Bt llF(to) o

which converges to zero as t1 — to if to € (0,T), as t1 — to+ if to = 0, as t; — to—
if tg = T, since F € C([0,T]; (L%(2))?*2). Hence B = FFL € C([0,T); (L'(£2))?*?) and
the property F(0,:) = Fy a.e. in Q (which follows from (637)) then implies fulfilling of
the condition (Z13).

O
8. Proof of Theorem [2.3] with G, G2 > 0 arbitrary
Let us follow step by step the proof of Theorem 23] with G; = 1, By = O.
8.1. System with equations for Fi, Fy
The system with evolutionary equations for v, p, Fy, Fy in Qp reads
divve = 0, (8.1)
v +div(v ® v) + Vp — divD — div (G4 (F1F] ) + G2(F2F3)) = 0, G1,G> >0 (8.2)
1
detF, > 0, :=1,2 (8.4)
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completed with the boundary condition

v=0 onXp (8.5)
and with the initial conditions
v(0,-) = vy inQ, (8.6)
F;(0,) = TF; inQ, i=1,2.

We prove the existence of weak solutions to (8I)-(B.7), i.e. the existence of v, Fy, Fo
fulfilling for i = 1,2

v € C([0,T]; ng,div) N L*(0,T; Wgﬁiv)a
v € L*0,T;(Won)):
Fi e C([0,T]; (L*(2)*?) N (LY(Qr))**?,
OF;, € L3 (0,T;(Wh2(Q))¥2)"),
detF; > 0 a.e. inQr

and satisfying for all w € W&ﬁiv, A e (WhH2(Q))**? and a.a. t € (0,T)

2
— vRU): Vw - Vw (F.FTY . Vw = )
(D0, w) /Q( 2v):V +/Q]D> v +§/QGZ(]F1F1) Vw = 0, (88)

<8t]Fi,A>—/Q(IFi®v):VA—/

Noaa L TR ). A —
Q((Vv)IFl).A+2/Q(EF11FZ F):A =0 (89)

with initial conditions vg, F;, fulfilled in the sense

|
o
—
o
i
o
=

Jim o (t) = voll2

Jm [Fi(t) = Figl2

I
o
—
o
i
—
=

8.1.1. Approximations and their existence

We start with approximations, where on the left handside of (8.9]) the term represent-
ing the stress diffusion is added, the term reads ¢ fQ VF;:VA. The local in time existence
of Galerkin’s approximations to the corresponding system follows from the Carathéodory
theory for ordinary differential equations, simmilarly as in Subsection 5.1. Properly writ-
ten, let {w;}en form a basis of Wéﬁiv composed of eigenfunctions of the Stokes opera-
tor subject to the boundary condition w = 0 on 0f2, orthogonal in Wéﬁiv, orthonormal
in Li)div, let {A;};en form a basis of (W2(2))?*2 composed of eigenfunctions of the
Laplace operator subject to the boundary condition VA - n := {VAg ~n}i}l:1 =0
on 95, orthogonal in (W2(Q))?*2, orthonormal in (L*())?*2, then for every n € N
there exist a5, (t), ..o, Wnn(t), Bitn(t), s Binn(t) (but we write only ai, ..., Bitye--
Bin), i =1,2, such that

Uy = Zozjwj and Fi,n = Zﬂi’jAj (812)
j=1 j=1
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solves for all j € {1,...,n}, for all t € (0,f), where f is certain positive number, the
following system:

O (/vn-w]) —/(vn®vn):VwJ /D : Vw; +Z/ G; IFMIE‘T ): Vw; =0,
Q Q

(8.13)
8,5 (/ Fi,n :Aj) —/ (Fz,n X ’Un):VAj —/ (V'Uan,n) :Aj
Q Q Q
+% / (FinFl Fin —Fin):Aj+e / VF;,:VA; = 0. (8.14)
Q Q

Let P, denote the orthogonal projection from W&’jiv to W, := span{wy, ..., w,} and let
Q. denote the orthogonal projection from (W2())%*2 to X,, := span{A1,...,A,}. Let
m.div and in W&ﬁiv, Qp is continuous in (L?(£2))?*2

and in (W12(2))2%2. The functions v,, are absolutely continuous in [0,#) with values

us note that P, is continuous in L2

in W, the functions F;,, are absolutely continuous in [0,) with values in X,, and they
satisfy the initial conditions

vn(O,-) = Pn('UO)a IF; n( ) Qn( zo) in Q. (815)

The fact that £ = T is an easy consequence of the uniform estimates that follow.

In order to obtain the uniform estimates for v, Fy, and Fa ,, let us multiply (8I3)
by «;, 8I4) by f1,j, resp. by B2, and take the sum over j = 1,...,n to obtain for
i =1,2 and for all t € (0,T) (use also the symmetry of D,,, the symmetry of IE‘ZWIF;["
and the equality Vu,F; , : F; , = (IFMIFlTn) : Vo)

||vn ||2 / / / T ||vn(0)||%
D,ll5 + FZHF : Vv, = ——=, 1
| ||2 E ) (8.16)

”an i
Fl"an Vo, +5 (l|Fz,nF?n||g_||Fz,nl|g)

FZTL
+e/ [9E, o = EnO - (517)

Summing ([8I6), (8IT) for ¢ = 1 multiplied by G; and I7) for i = 2 multiplied by Gs,
multiplying the result by 2, we get for all t € (0,7

2
lon (3 + > GillFin(®)]3 + / <2||]D) I3+ Z Gi(lIFinF7 13 + 25||VFi,n||2)>
i=1

i=1
< [Jvn(0 ||2+ZGII1FM )3 /ZGHFZHHQ (8.18)

Since [|v,,(t)]]3 + Ele Gi||F:n(t)||3 is estimated by the right handside of (BIS), the
Gronwall lemma applied on (8I8) (the functions ||v,(+)]|2 and ||F; . (-)||2 are continuous
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in [0,7)) together with the continuity of P, in L2 of @, in (L?(2))?*2, and with the

n,div?

conditions ([8I5) implies for all ¢ € (0,7") the inequality

2 2
lon (I3 + Y GillFin(@)ll3 < € <||’vo||§ +y GiHFigH§> : (8.19)

i=1 =1

Recall that G1, G > 0, employ the fact [|F; |3 < 2[|F; nF7,,[|5 in (0,T) (see the argu-
mentation in Subsection 5.2, here we only replace F,, by F; ). Then from (8I8)), (819)
and the Korn inequality it follows

2 2
sup Jloa (O3 + ) (t s ||Fi,n(t)||§> + Vol gr + D IFinlli g,
i=1

t€(0,T) =

2
+e Y [IVFinll3.q, < C(T, [lvoll2, [Fioll2s [IF2oll2).  (8:20)
i=1

In (B13) we can, obviously, replace the base functions w; by any function of the form
P, (w), where w € W&jiv is arbitrary, and in (814) we can replace A; by any function
of the form Q,,(A), where A € (W2(Q))2*? is arbitrary. Repeating the procedure from
Subsection 5.2, employing (820, the orthogonality and the continuity of P, in qu div and

in Wi | the orthogonality and the continuity of Q,, in (L2(£2))2*2 and in (W12(£2))2%2,
0,div

we achieve the estimates for the time derivatives of v,, and F; ,, that read
2
10conll 20 7wz ) + Z; 19 Fsnll 4 o w2 @yxay
< C(T, Q, |[volla, [F1, 12 [[F2ll2)- (8.21)

The estimates [820) and (8ZI]) suffice to acquire the existence of v, Fy, F3 such that for
i =1,2 it holds

vy, —* v weakly-*in L=(0,T; L} 4.,), (
v, — v weaklyin L*(0,T;Wy'3,) N (L*(Q1))*, (
v, = O weakly in L* (0,73 (Wg3,)") (
F;,, —* F; weakly-*in L™ (0,7;(L*())**?), (8.25
F;, — F; weaklyin L? (0,T; (W"2(2)**?) n (L*(Qr))**2,  (
OF;, —  &F,; weakly in L3 (0,T; (WH3(2))2*2)%), (

by the Aubin-Lions compactness lemma also

v, — v strongly in (LY(Qr))? for all ¢ € [1,4), (8.28)
Fin — Ty, strongly in (LY(Q7))**? for all ¢ € [1,4). (8.29)

Let us note that thanks to the properties v € L?(0, T} W&ﬁiv), Oy € L? (O, T, (W&ﬁiv)*) ,
F; € L (0,T; (L2(2))%*?) and 8,F; € L5 (0,T; (WH2(Q))?%2)*), i = 1,2, together with
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the density of (WH2(Q))?*2 in (L*(Q))?*?2, the functions v, F; after a possible change
on a zero-measure subset of (0,7") enjoy

v € C([OvT]§L31,div)7 (8'30)
Fi € Cuear ([0,T]; (L*(Q))*?), i=1,2, (8.31)

and thus (use also the weak lower semicontinuity of L?({2) norm)

sup [lo(t)|l5 = esssupye g i lv()]5, 0<to<t1 <T, (8.32)
te(to,t1)

?up )||]Fi(t)||§ < esssupye g i IFi (03, 0<to<t1<T, i=1,2. (8.33)
te(to,t1

Due to 813), (8I4), both multiplied by any ¢ € C°((0,T)), due to (822)-B29) and
the density of J,,cy Wn in Wa2 | of Upen Xn in (WH2(€2))2%2, the functions v, F;,

0,div’

i = 1,2, satisfy for all w € Wg'2._, for all A € (W"2(Q))2%2 and a.a. t € (0,7T)

0,div>

2
(Opv, w) — / (v®v): Vw +/ D: Vw + Z/ Gi(F;FF) . Vaw = 0, (8.34)
Q Q — Jo

(Vo)F;) : A + %/(IFJE‘?E —F;): A

(O, A) —/(]Fi ©v): VA -
Q Q

Q

+e [ VF:VA=0.  (8.35)
Q

The attainment of the initial conditions (810), (811), where v, F;, i = 1,2 is a solution
to (B34)—(83H), is proved following step by step the procedure from Subsection 5.4: We
derive (5.5I) and (553) with F replaced by F; and Fy replaced by F;,, i.e.

: Capy — ) 2

t£%1+ Qv(t) w = /Qvo.w Yw € Ly, giy; (8.36)
lim [ Fi(t):A = /Fio cA VA € (L2(Q)*7?% i=1,2. (8.37)
t—0+ Q Q

Then, working with 23:1 G;F; instead of IF, we derive the inequality

i=1 =1

2 2
lim sup <||’v(t)||§ + ZGillFi(tHI%) < Jwoll3 + D GillFio |13,
"

which together with (830), where w := vy, (837), where A := Fy, if i = 1, A := Fy,
if 1 = 2 implies

2
lim sup <||’U(t) —wol3 + Y GillFit) - ]Fio||§> <0, (8.38)

t—0+ i—1

which due to the positivity of Gy, G2 implies fulfilling of (810) and (8II)).
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8.1.2. Limat in approximations
Let us consider the sequence {v.}, {F;.}, i« = 1,2, of solutions to (834), (B39).
Employing ([820), the convergences [822), (823), (825), (B24]), the properties (832),

®33) and weak lower semicontinuity of all norms acting in (820), we deduce that in
(B20) we can replace v, by v, and F;,, by F; ., i = 1,2. And as one can check, using
the same argumentation as in Subsection 6.1, we gain ([821)) with O;v. instead of v,
and 0;F; . instead of 0;F; ,,. Hence there exist v, F;, i = 1,2, satisfying the convergence

relations (822)-(25), (827), (B28) with v, replaced by v. and F; ,, replaced by F; .,
instead of (8:26) we have the convergences

F,. — TF; weaklyin (L*(Qr))**?, (8.39)
eVF,. — O strongly in (L*(Qr))****2. (8.40)

Taking the limit ¢ — 0+ in (834) with v := v, and in B35) with F; :=F,;., i =1,2
then leads for all w € W&jiv, A€ (W12(02))?*2 and a.a. t € (0,T) to

2
(Opv, w) —/(v@v):V'w +/]D):Vw +Z/ GFFF:Vw = 0, (841)
Q Q —Je

Q Q Q

where the notation @ stands for the weak limit of a weakly convergent subsequence of
{ac}. Since v € L*(0,T;Wy'y,,), 0w € L2(0,T; (Wy'5i,)*), Fi € L=(0,T; (L*(2))2*?),
OF; € L3 (0,T; (WH2(02))2%2)*), i = 1,2, and (W2(Q))2%2 is dense in (L2(£2))2*2, the
functions v, F; after a possible change on a zero-measure subset of (0,7 satisfy

v € O([OvT];Lgl,div)a (843)
F; € Cuear ([0,T7; (L*(2)*?), i=1,2, (8.44)

and thus (use also the weak lower semicontinuity of L?(2) norm)

sup [[o(t)[[3 = esssupye gy llv@)]3,  0<to<ti <T, (8.45)
te(to,t1)
sup ||F(t)|3 < esssupte(toytl)||Fi(t)||§, 0<to<t: <T, i=1,2. (8.46)

te(to,t1)

In order to obtain the attainment of the initial conditions (8I0) and (8IT]), where
v, F;, i = 1,2 is a solution to (B4I)-(@®Z42)), we follow the procedure from the end of
Subsection 6.1: For v, F;, i = 1,2 solving (84I)-®42) we derive [B30) and R3T).
Then we take the limit in (838) with v := v, F; :=F, ., i = 1,2 solving (834)-(E35),
employing (8:222) with v,, replaced by v., (820) with F;,, replaced by F; ., (845), (840
and weak lower semicontinuity of L2(£2) norm, we obtain (8.38) for v, F;, i = 1,2 solving
B®AI)-®42). Setting w := vy in B3Q), A := Fy in (837) and employing B3], we
arrive at (810) and (8II).

In order to obtain the property

F; € C([0,T); (L*(2))**?), i=1,2, (8.47)
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we repeat the procedure from Subsection 6.2, only instead of ([634]) and ([E35]) we work
with (841 and ([8242), setting ¢ = 1 in order to prove ([84T) with ¢ = 1, setting ¢ = 2 for
the proof of (B4T) with i = 2.

As F, . = F;, i =1,2 weakly in (L*(Qr))?*? and v. — v weakly in L?(0, T} W&jiv),
in order to conclude [B8)-®9) from ®ZI)-([®Z2) it suffices to prove the compactness
of {F; .} in (L3(Qr))?*2.

8.1.3. Compactness of F1 ., Fs. in (L*(Qr))**?
AsF;. — F; weakly in (L*(Qr))?*?, i = 1,2, the compactness of F; . in (L*(Qr))**?
is equivalent to the condition

fi=|F2=|F?=0 ae. inQp, i=1,2. (8.48)

Proceeding exactly in the same way as in Subsection 6.3, Step 1, we prove (6.62) and
(663) with F; . in the role of F, and F; in the role of F (i = 1,2). Next, following the
computations from Subsection 6.3, Step 2, we derive from the difference between (6.62)
and (663) (with F, . in the role of F. and F; in the role of F) multiplied by G; and
summed over i = 1,2, for all p € C°((—00,T) x Q), ¢ > 0, the inequality

- i(Gz‘fi)aﬂﬂ—/Q zz:(Gifi)’U'Vs&S/

Qr =1 T j=1 Q

LZ(Gimw (8.49)

with L := max;e (1,2} (1 +2(|Vo| + C'|IE‘Z|2)) . The only difference from the computations

in Step 2 in Subsection 6.3 is that instead of F we work with the sum Ele G;F;. After
that, following the argumentation in Step 3 in Subsection 6.3, we show

fi >0 ae inQrp, i=1,2, (8.50)

and then, working with Z?:l G, f; instead of f, we conclude

2
Y Gifi=0 ae. inQr. (8.51)
i=1
Since G; > 0, i = 1,2, the relations (850) and (851 imply fulfilling of (848), which is
equivalent to the compactness of {F; .}, i = 1,2, in (L?(Qr))**?.

8.2. Concluding the result

To complete the proof of Theorem 23] it suffices to conclude 23]), (ZI0) and the
initial condition (2I3). However, in order to conclude ([2.I0)), we repeat the procedure
from Subsection 6.4 with F; (i = 1,2) in the role of F, and in order to conclude (2.9) and
[2I3), we repeat the procedure from Section 7 with F; in the role of F and B; in the role
of B,i=1,2.

O
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9. Appendix

Proof of Proposition [6.1]

Before making the proof of Proposition [61] let us quote from [25] the following lemma
concerning stationary Stokes problems.

Lemma 9.1. Letd > 2, m > —1, ¢ € (1,00), Q C R, Qe cmaxim+22} g (7ma(Q)),
-

w* € (W2 21(90))?, Joqw* -n = 0. Then there exists unique weak solution [w, |,

fﬁﬁ =0, to the Stokes problem

-Aw+Vp = g in Q,
divw = 0 in €,
w = w* on o,

more specifically there exists unique couple [w,p| fulfilling
we (WmH2Q))e, w—w*e (W, 1(Q)?, pewmthi(Q), /ﬁ =0
a

and

/Vw:V‘I’ —/ﬁdiv‘l’ = (g, ®) foral ® € (Wol’q,(()))d,
Q Q

/diquﬁ =0 for allgbequ(Q),

Q

which is equivalent to the existence of unique
we (WmH29Q))?, w—w* e (W, 4(Q)?4, divw =0 in Q

fulfilling

/ Vw:V® = (g,®) forall ® € WEL.
Q

Moreover, the solution satisfies the estimate

||'w||(wm+2,q(§)))d + ||I3||Wm+1,q(§)) < ||f||(wwn,q(ﬁ))d + ||w*H(Wm+27%1q(aﬁ))d

with, the convention W=14(Q) = (W 4())*, Wo(Q) = L4(S).

For lucidity let us repeat the formulation of Proposition .11

Proposition 9.2. Let Q) C Qc Q, Q€ C°. Then for every e > 0 there exists p. of the
form p. = p1.c + pa,c, where

me € L*0,T;W>2(Q)), (9.1)

p2e € L*((0,T) x Q), (9.2)

O (v-+Vp1e) € L2 (0,75 (W *()%)) (9.3)
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and for all w € (Wy*(Q))? and a.a. t € (0,T) it holds

(Op(ve + Vp1,c), w) :/((G:E:V'w)—i—/pg)8 divw, Ga:z(%@va)—DE—FEFg. (9.4)

Q Q

Next, there exists p of the form p = p1 + p2, where

p1 € L2(0,T; W22(Q)), (9.5)
p2 € L*(0,T)xQ), (9.6)
9 (v+Vp) € L? (O,T;((W&’2(Q))2)*> (9.7)

and for all w € (Wy*(Q))? and a.a. t € (0,T) it holds

Outw+ Vo) w) = [

(G:Vw) + /pg divw, G:=(v®wv)—D-FFT. (9.8)
Q

Q

Moreover,
pre — p1 strongly in L*(0,T; Wif(fl)), (9.9)
poe — p2 weakly in L2((0,T) x Q). (9.10)

The functions Vp1 . and Vp, belong to C([0,T]; (L*(Q))?) and
Vp1.(0,:) = Vpi(0,-) a.e. in Q. (9.11)

Proof. Let Q be an arbitrary smooth domain fulfilling Q C Q c Q. For every time
t € [0,T] let us introduce the Stokes problems

~Awy . +Vpi. = v inQ, (9.12)
divw; . = 0 in, (9.13)

wi. = 0 ondQ, (9.14)

—Aws. +Vpy. = divG. in Q, (9.15)
divws. = 0 in Q, (9.16)

we. = 0 on Q. (9.17)

Since v. € L*(0,T; Wéﬁiv) N C([0,T); L}, 45,); Lemma [T implies for all ¢ € [0, 7] the
existence of unique weak solution [w1 e, p1.e], fﬁ p1e = 0, to the system (@I12)-(@I4),
more precisely [w ., pi ] satisfy for all ® € (W,*())?, ¢ € L*(Q) and all t € [0, 7]

/ le,a Ve —/~p17€ div ®
Q Q

/ div wi,e ¢
Q

||w1,s||(wm+2,2(f)))2 + ||p1,s||wm+1,2(§z) < lvellwm2yz, me{-1,0,1}. (9.20)

/Qva . P, (9.18)

0 (9.19)

and the estimate
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Let us note that (@I9) and ([@20) imply the condition
divw; . =0 a.e. in €. (9.21)

Next, G, := (v-:®v.—D.~F.FT) € (L*(Q1))>*?, hence div G. € L*(0, T; (W, *(Q))?)*),
and by Lemmal[0.]] there exists for a.a. t € (0,7) unique weak solution [ws ., pa |,
Ja p2.c =0, to the Stokes problem (@.I5)—(2.17), more precisely, [ws,e, p2.] satisfy for all
®c (VV1 2( N2, ¢ € L*(Q) and a.a. t € (0,T)

/V'wg)‘E : V<I>—/p27€ div®d = —/ G, : VP, (9.22)
Q Q Q
/ divws. ¢ = 0 (9.23)
Q
and the estimate
||w2,s||(wl,2(§z))2 + Hp2,s||L2(s‘2) <| diVGsH((W[}’?(Q))z)*- (9.24)

Let us note that (@23) and ([@24) imply the condition
divw, . =0 a.e. in €. (9.25)

Let 0 € C°((0,T)), ®o € ﬁ//&giv be arbitrary. In ([@I8)) set ® := ®(, multiply the result
by 9:0 and integrate over (0,7T) to obtain (use also the estimate (.20))

/ / - B) 00 = / / (Aw, . - Bg) 0,6. (9.26)

Since dyv. € L*(0, T (WO 20, from (@28) it follows d; Aw; . € L*(0, T} (Wo 2)) and

(Oyve, Bo) = — (O Aws o, o) = /Q(atiLE :V®y) ae. in (0,7). (9.27)
Next, setting in (O.22) ® := P( yields

/Q(G:8 VP =— /Q Vws,.: V®; ae. in (0,7). (9.28)
Summing (@.27) with ([@28)) leads to

0= <8t'05, ‘I’0> — /_ Gs : V‘PO = /~ V(@twl,s + 'LUQ)E) : V‘PO a.e. in (O,T), (929)
Q Q

where the first equality follows from (G3). Since ®¢ € Wé’giv is arbitrary, the rela-

tions ([@.19), (@23) and (@.29) implies that w. := dyw; . + wa . € Wé’giv solves for a.a.
t € (0,T) the Stokes problem

/ Vw.: V&, = 0 Vd,e Wa2 . (9.30)
Q '

Lemma[0.J] guarantees the existence of unique solution w,. € Wg ;v to the Stokes problem

(©@30)), hence
Ohwy e+ wa e € L2(0,T; Wy 'ty (9.31)
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and
dwy . +wye =0 ae. in (0,T) x Q. (9.32)

Now we can write for all ® € (C°(Q))? and 6 € C2°((0,T)) (in the first equality we use
@I8) and [@22), the second and the third equality is just the integration by parts, the
last equality follows from (0.32]))

/ / (Ve + Vp1,e) - (0:0) / /G :V@)o / /pgsdlv‘I)t?
a Q Q
/ /Awlg- (00 ‘IH—/ / Vws,:V®)o

= / Wi e (8t A‘I’ / w2 € A<I>)9
Q Q
/ / 8tw1 5—|—’LU2 5) (GA‘I)) =0.

Since G. € (L*(Qr))**? and pa. € L2((0,T) x Q) (which follows from the estimate (.24
and the fact that G. is quadratically integrable over time), the last chain yields

Oe(ve + Vpre) € L2(0, T (Wy(2)*)"),

which is ([@3), and (recall that C2°(Q) is dense in Wy**(€2)) for all ® € (W, (€))% and
a.a. t € (0,7) it holds

(O (ve + p1e), B) = /

Ge: VP + / D2, div P,
Q Q

which is the relation (@4) that we wanted to prove.

Next, let us prove ([@.7) and (@.8). Since v. is uniformly bounded in L?(0, T’ W& ’jw),
the estimate (@20) implies that w; . is uniformly bounded in L?(0,T; (W3 2(0))?),
p1.c is uniformly bounded in L2(0,T;W?22(Q)), and since w; . € L*(0,T; W(} 2.) and

Jap1e = 0 for every e > 0, there exists w; € L2(0,T;(W32(Q))%2 N W(} 2.) and
p1 € L0, T;W22(9)), [5p1 =0, such that (for suitable subsequences of {w1 c}, {p1,c},
which we do not relabel)
wy. — wp weakly in L*(0, 5 (W3(Q))2 N Wy 5, (9.33)
pre — p1 weakly in L2(0,T; W22(Q)). (9.34)
Let t € (0,T) be fixed. As v. — v strongly in (L?(Qr))? (see (6.24))), taking the limit

¢ = 0+ in (@.I8) and ([@.19), employing the convergences (1.33) and (2.34), we observe
that [w, p1] satisfy for all ® € (W,*(Q))?, ¢ € L*(Q)

/_lezvfﬁ—/_pldivé = /_v-<I>, (9.35)
Q Q Q
/_divw1¢ = o (9.36)
Q

Next, from the estimate (@.24) and the facts that G. is uniformly bounded in (L?(Q1))?**?,
wo . € L2(0,T; W&’jiv) and [5 p2.c = 0 for every € > 0, there exist wy € L*(0,T; W&’jiv),
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p2 € L2((0,T) x Q), Jop2 =0, such that (for suitable subsequences)

wy. — wy weakly in L2(0,T; W3, ), (9.37)
poe — po weakly in L2((0,T) x Q), (9.38)
G. — G weakly in (L*(Qr))**?, (9.39)

where G := v ® v — D — FFT. Taking the limit ¢ — 0+ in (@.22) and (@.23)), we observe
that wy, po satisfy for all ® € (W, ()2, ¢ € L2(Q)

/ng;vq>—/_p2divq> - —/G;V@, (9.40)
Q Q Q
0

/divw2¢ = 0. (9.41)

Q

Lemma guarantees the uniqueness of the solution to problems (@35)-(@36) and

(@40)—(@.41) and the estimates

||w1||(wm+2,2(§)))2 + ||p1||W7H+1,2(Q) ”v”(W’"’?(Q))% me {_17 0, 1}7

<
<

||w2||(W1,2(fz))2 + ||p2||L2(fz) | diVG||((W01’2(Q))2)*'

Now proceeding in the same way as on the approximate level, we conclude
Ou(v + Vp1) € L*(0, T (Wy*(2))"),

which is ([@.7), and for all ® € (W,*(€2))? and a.a. t € (0,T)

<8t(’v—|—p1),<1>>:/~G:V<I>+/~p2div<1>,
Q Q

which is the relation (@.8) that we wanted to prove.
Concerning the convergence results — the weak convergence ([@.I0) follows immediately

from ([@38). Let us show the strong convergence (@.9). By subtracting (@353]) from (@I])
and ([@36) from (@I9) it is obvious that wy . — wi, p1, — p1 solve the Stokes problem

with the right handside v. — v. By Lemma the solution is unique and satisfies the
estimate

Jwi,e — w1||(wm+2,2((z))2 + [p1e — P1||Wm+1,2(fz) < lve —=vllwme(@)2: me{-1,0,1}

(9.42)
From (@42) with m = 0 it follows
T T
. 2 . 2 _
5£%1+ 0 ||p1,s _p1||W1,2(Q) < EEI(T)IJF/O ||’Us - UH(L2(Q))2 = 07 (943)

where the second equality is achieved by the strong convergence ([6.24)). The relation

(@43) yields
Pie — p1 strongly in LQ(O,T; Wl’Q(Q)). (9.44)

We need to show that also

V2p1e = V2py  strongly in L2(0,T; (L2 ,.(Q))%*?). (9.45)

loc
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Let us denote
De i= P1,e — P1-
To prove (@45) we will use the property

Ap. =0 ae. in (0,7)x Q, (9.46)
which follows from the equality
~A(wy . —w) +Vp. =v. —v ae in (0,T) x Q

(w1, — w1, Pe is the solution to the Stokes problem with the right handside v. — v and
A(wye — wy), VP are integrable over Qr) and from the fact divv, = dive = 0 =
divw; . = divaw; a.e. in (0,T) x Q. The equation (2.46) implies

/ Vp. - Vo=0 YoeW,>N). (9.47)
Q

Take ¢ := ¢¢2, where ¢ € WH2(Q), € € C°(Q). We can rewrite (0.47) into the form

[ V) V(06) = - [ aivp.e) o~ [ (Vv e a9
Denote 1) := ¢€, g := — div(p. VE) — (Vpe - VE). Since every ¢ € W, %(Q) can be written
in the form ¢¢, where the functions ¢, £ have the properties described above, (9.48)) gives

/~ V(pe€) - Vo = / g Vb € Wy(Q). (9.49)
Q Q
Employing the local regularity of weak solutions to elliptic problems, we have

1De€llwz2(@) < 19226 (9.50)

Since § € C2°(Q) is arbitrary, the inequality (0.50) together with the definitions of p.
and g. implies for every Q ¢ Q C Q

T T
/0 ||v2p1,€ - v2p1||(L2(g:))2><2 S O/O le,s _p1||W1w2(Q)a (951)

and since the right handside of (@.51])) converges to zero by ([@.44]), we obtain (@.45)), which
together with ([@.44) yields the strong convergence ([@.9]).

To finish the proof of the lemma, it remains to show the continuity of p; ., p1 with
respect to time and the convergence of the initial conditions p; .(0), p1(0). Let ¢; and 2
from [0, 7] be arbitrary. The functions wi o(t1) — w1 (t2), p1.e(t1) — p1,c(t2) solve the
Stokes problem with the right handside v.(t1) — ve(t2). By Lemma this solution is
unique and it satisfies the estimate

[wi,e(t1) = wi ()| (waz@y)e + Pre(t) = pre(t2)lwrz@) < llve(ty) — ve(t2)ll(z2()):-

Since the right handside converges to zero as ty — t1 if t; € (0,7, as to — t1+ if t1 = 0,
as ty — t;— if t; = T (since v. € C([0,T]; L? ), we conclude that Vp; . belongs to

n,div

C([0,T7; (L3(Q))?). The fact Vp; € C([0,T7]; (L?(Q))?) is proved in the same way.
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Finally, from the relation ([@42]) we know that

IVP1e(t) = VD1 (Ol L2 (yy2 < lve(t) = v(@)l (2202 (9.52)

sss for all t € [0,7] (recall that v., v belong to C([0,77]; (L*(2))?) and Vp; ¢, Vp; belong to
C([0,T7; (L3(£2))?)). And since v-(0)=v(0)=vy a.e. in Q, we conclude Vp; -(0)=Vp;(0)
a.e. in £, which is the relation (@I1]) completing the proof of the proposition. O
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