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Abstract

In this paper we show existence of a global classical solution to a quasilinear
hyperbolic integrodifferential equation of non-convolutionary type for small data. We
apply the result to show global existence for a one-dimensional model of a chemically
reacting viscoelastic body.
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1 Introduction

Recently, flows in materials with a stress-strain relation dependent on an external
factor (e.g. concentration of a chemical) started to have been studied intensively, see
Bulicek, Malek and Rajagopal [3] and references therein. An integral model for a
viscoelastic material was introduced by Rajagopal and Wineman in [6] and applied
by Barta in [1], [2] to parabolic models of viscoelastic fluids.

In this paper, we consider the following system

up = X(C Uy)Ugy + /0 k(c(t,x),t — s)(uz(s))zds + g,

ct = Cpz. (1)

A one-dimensional viscoelastic body is represented by the interval Q = [0, 1],
x € [0,1]. The displacement of a particle x at time ¢ is denoted by wu(t,x) and
c(t,z) is a concentration of a chemical in (¢,x). Function g represents an external
force. Since we assume that difusivity is independent of u, the two equations are not
coupled.

Since we can get ¢ from the second equation and insert it to the first equation,
we will be interested in equations of the form

t
ugr = X(t, T, Uy )Ugy + / as(t,z,t — s)(uz(s))ds + g (IDE)
0
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(here as is the derivative of a with respect to the third variable). Equations similar
to this one were studied by Dafermos and Nohel [4], Hrusa and Nohel [5], Renardy,
Hrusa and Nohel [7] and others.

Unlike the works mentioned in the previous paragraph, in our case the functions
x and a depend explicitly on ¢ and x and a is not a convolution kernel any more.
However, we will assume that the dependence on ¢ and x is not very strong and a is
almost convolution kernel. In this case, we show existence and uniqueness of classical
solutions by the same methods as in the above mentioned papers.

Let us mention that Rajagopal and Wineman introduced a model with

k(C(t, l’),t — S) = e—/\(C(t,z))(t—s)’

see [6], where A is a positive function. If A is smooth and A > & > 0, then for small
changes of concentration the kernel & is almost convolutionary, as was shown in [1].
We consider the following initial and boundary conditions.

uw(0,-) =up, w(0,-) =wy, u(-,0)=u(-,1)=0. (Cu)

c(0,-) =co, cx(,0)=cz(,1)=0. (Cc)

2 Notation and the main results

Let us start with introducing another form of (IDE). Let us apply integration by
parts to the integral in (IDE). We obtain

e = o(t, T, Uy ) Ugy + /t a(t,z,t — s)Y(uz(s,))zeds + f(t,x), (IDE1)
0

where
ft.x) = g(t, ) + alt, , )¢ (up(2) )ug (x)
and
o(t,z,uz) = x(t, x,uz) — a(t, z,0)0 (us(t, z)).

For the function x = x(t, =, u.(t,x)) we will denote xy, resp. X, the derivatives
with respect to the first, resp. second variable, the derivative with respect to the third
variable is denoted by X' (¢, z, us(t,x)). Similarly for the function ¢. Fora : JxQx .J
we will denote the partial derivatives with respect to first, second and third variable
respectively by a¢, a,, as.

In the following, Q@ = [0,1] and J := [0,T)nqq| or J := [0,400) = Ry. For a
function u : J x Q — R we will often use notation w(t) := u(t,-) and ||u(t)|]2 =
|u(t, )||L2(q)- On the other hand, by [lulz we mean ||u||z2(7xq)-

We say that a kernel a : J x Q x J — R is of strong positive type (or strongly
positive definite), if there exists ¢ > 0 such that



for all v € C(J, L*(Q)) and all T € J, where

Q(a,T,v) := /OT/Q/Ota(t,a:,t — s)u(s,z)ds v(t,z)dzdt

and Q(e, T,v) similarly with a replaced by e(t,z,t — s) := e!%.

Throughout the paper, C' > 0 will be a generic constant and Z : Ry — Ry will
be a generic function which is continuous nondecreasing and Z(0) = 0.

Our aim is to show global existence for small data and small values of u,. So, let
us fix a small neighborhood of 0 and denote it by B.

Let us introduce our assumptions.

(A1) x, ¢ € CE(J x Q2 x B), ¢ € C3}(B) and all derivatives of x, ¢, ¢ (up to
second resp. third order) are pointwise bounded by Cy and x, ¢, ¥’ > ¢, > 0 on
JxQ x B, resp. B
A2) a € CH(J x Q x J) with ay, ais € L' (J*(L®(Q))), as(0,0,-) € L*(J), at, as,
azs(T,-, T —-) € LY(J,L*()).

—

(A3) wp € HY(©), € HA(9) ug(0) = up(1) = (0) = wi (1) = .
(A4) g, 9z, gt € Cp(J, L2(Q)), 9.9z, 90, g € L2(J, L*()).
(A5) X' (u(0))ug (0) + g(0,0) = x/(up(1)ug (1) + g(1,0) =0

—

A6) a is of strong positive type.
et us introduce several quantities measuring the data

—

Uo(uo, u1) := /Q ug + (up)? + (ug)® + (ug')? +uf + (u))? + (uf)?dz (2

P i=sup [ (724 £+ f7)(ta) do + /J [P re e feodd @

ted
and similarly F'(g). We will often write F instead of F(f) + F(g) and Uy instead of
Uo(ug,u1). Let us define

e = max {1, Pra, Py Pitas Pras Pl Pt} (4)
Ex = ngg?i{B{Xt’ Xtas X;» Xttzs X;‘zv X/w X{fty Xz}a (5)

£a 1= sup <&t(t,0)+/J|&t(t,t—s)]ds—|—/&ts(t 8)% + s (t, ) ds>
//|att (t, 8)] + [t (t, 5)| dsdt, (6)

where a; means sup,, a;. Further we introduce two quantities measuring the solution

t) = 1/2 7
V( ) xeg,lfgfo,t](u + uxx + utz) (Sa .f) ( )

and

E(t) = max / (U g 1+ Uy + U Uy + U+ Uiy + Uy + Uiy (5,7) A
seg|0, 0

¢
+ / / (u2 + ui + u% + uix + u?x + uft + ufcm + ufm + ufm + uftt)(s, x)dxds,
0 Jo



Theorem 2.1 Assume (A1) — (A6) hold. There exists p > 0 such that for every ug,
u1, g, x and  satisfying

Uo(uo, u1) + F(g) + €4 +ex < p, (8)
the initial-boundary value problem (IDE) has a unique solution u : Q x J — R with
Uy U, Uty Uy Ut Utts U > Ut Ut Uree € Cp(J, L2(Q)) N L2(J, L3(Q)).

If J = Ry then
U, Uy, Uty Uy Uta, Ut — 0

uniformly on Q) as t — 4o00.

Denote
Colco) = / G (h)? 4+ () + ()2 + ()2 dr. ()
Q

Let U C R be a neigborhood of zero. Consider the following assumptions

(A1) x € C3(U x J), ¢ € C3(B) and all derivatives of x, ¢ (up to second
resp. third order) are pointwise bounded by Cy and x(¢,z,0) > 0, ¥/(0) > 0 and
x(t,z,0) — a(t,z,0)'(0) > 0.

)
A3)
A4’) = (A4)
A5) = (Ab)

) (t,s) = k(c(t,x),s) is of positive type for every ¢ € CZ with ||ct]|oc small

enough.

The assumption (A6’) is not easy to verify, but Theorem 2.4 and Example 2.8
in [1] give sufficient conditions under which (A6’) holds. In fact, the assumption
(A6’) is satisfied if k(z,-) is of n-strong c-positive type for all z € U, k'(2,0) =
W, 400 K'(2, 8) = lims 00 ki (2,5) = 0, and [|kg(2, 0)|[, [K'(2,)ll1, and [[k(z, )l
are bounded by a constant independent of z.

In particular, if k(c(t,z),t — s) = e~ MB2)E=5) wwhere A is a smooth function
with values in [a, 5], @ > 0, then (A6’) holds (see Example 2.8 and the third section

of [1]).

Theorem 2.2 Assume (A1’) — (A6’) hold. There exists p > 0 such that for every
ug, U1, Co, g and x satisfying

U(uo,u1) + F(g) + Co(co) + ey < i,
the system (1) has a unique solution (u,c) : J x  — R? with
Uy Ugpy Uty U Uty Uty Ui s Uty Uttars Uttt € Cp( Ry L2(I)) N L2(R+7 LQ(I))

If J = R, then
Uy Uz, Uty Uggy Ut Utt — 0

uniformly on Q ast — +oo.



Remark 2.3 (1) If x does not depend on c (i.e., the instant response does not depend
on concentration) then ey, = 0 and Theorem 2.2 yields global existence provided the
initial values and the external force g are small enough.

(2) If moreover k(c(t,x),0) is independent of ¢ (e.g. in the case k(c(t,z),t—s) =
e*)‘(c(t’x))(t*‘s)), then also e, = 0. In this case, the proof would be shorter since many
terms in the estimates disappear.

3 Local existence

We will generalize Theorem IIL.5 from [7]. Consider the following equation

t
uy = A(t, T, ug) Uy + / K(t,t — s,2,u:(8))uzs(s)ds + F(t) (10)
0
with initial and boundary conditions
u(0,-) =up, u(0,) =wuy, wu(t,0)=u(t,1)=0. (11)
Assume
(S1) Ac C*(J x Q xU).
(S2) up € H3([0,1]), uy € H?([0,1]), Vug(z) € U for all x € [0,1].
(S3) F € Mheo C17H(J, HH(Q)), Fy € L1(J, L*(Q)).
(S4) K € C*(J? x Q x U).
(S5) A>eq4>00nJxQxU.

(S6) OFu(-,0) = dFu(-,1) =0 for k= 0,1, 2.

Theorem 3.1 Let (S1) - (S6) hold. Then there exists T € (0, Tiaz) such that (10)
has a solution u € (s_, C3*([0,T), H*(Q)). Moreover, if

sup / P (t) + ul(t) + ul, (t) + u2,, (1) + ul(t) + ul () + u2,,(t) dv < 400, (12)
te[0,7) JQ

then T' = Thaz-

Proof. The proof is very similar to the proof of Theorem II1.5 in [7] where the same
statement is proved with A, K independent of (¢,x). Therefore, we will just give the
main idea and point out differences.

We consider the linearized equation

t
uy = Az, t, Wy )Ugy + / K(t,t — s,2,w(8))wge(s)ds + F(t).
0

It has a solution u € (Jj_y C™*([0, Tnax), H*(£2)) for each w by Lemma IIL.3 in [7].
We show that the mapping S : w +— u is a contraction on X (7", M) for T’ small and
M large enough, where

3
X(T, M) ={w e (| W¥>([0,T'], H*(Q)),
k=0
3
atkw(70) = 61{%1}(7 0)7 k=0,1,2, Z HwHk,ka < M}7
k=0



where || - [|g; is the norm of W*°°([0, T"], H!(2)).

To show that S : X(T,M) — X(T,M) for appropriate T, M one can use the
same procedure as in Lemma IIL.8 in [7], there only appear several new terms that
can be easily estimated. In fact,

t
/ |O1A(s, -, we(s, )| g1 ds < C,
0

<C+T-P(M),
Hl

/0 K(t,t — s, wg(s,))wye(s:)ds

H;t /ot K(t,t = 5, wi(s, ) )wae(s-) ds

and

<C+T-P(M)
2

hold by the same argument as in [7] (P(M) is a generic continuous function of M).
To show that S is contractive in the metric

d(w, @) = (Jw — @5 5 + [lw — @[} 1 + [l — @[3 0)"/

we estimate as in [7]. Taking the difference of equations for w, u := Sw and w,
u := Sw, differentiate w.r.t. ¢, multiply by Uy := uy — uy and integrate over space
and time we obtain some extra terms that will be of lower order than the terms
already present. So, they can be estimated via Holder and Young inequalities as in
[7], Lemma IIL.9.

The moreover-part follows by the standard continuation argument. If T < Tynqz,
then lim; 7 (u(t), us(t)) exists and it belongs to (H?, H?), so it can be considered as
a new initial condition and the solution can be extended to [T, T +9). O

Corollary 3.2 Let (A1)-(A5) hold. Then there exist T € (0, Tinaz] such that (IDE),
(Cu) has a unique solution u € ﬂi:o C37k([0,T), H*(Q)). If (12) holds, then T =
Tmaa)-

Proof. 1t is easy to see that (A1)-(A5) imply (S1)-(S6). O

4 Global existence for small «

To show global existence on the interval J, it is sufficient to show that E(T") will not
escape to infinity. This will follow from the key estimate

E(T) < CZ(Up)+CZ(F)+C(e)el+ CE(T) (e +ey+ey+ea) + CE(T)*? +C’E((T)2).
13
More precise formulation is contained in the following lemma.

Lemma 4.1 Let (A1)-(A6) hold. Then there exists a continuous function Z satis-
fying Z(0) = 0 and a constant C' > 0 such that (13) holds for all T € J.



The proof of this lemma is contained in Lemmas 4.3 - 4.8. Now we show global
existence theorem with an additive assumption that derivatives of a are not very
large.

Theorem 4.2 Let (13) hold with ¢, < 1/C. Then Theorem 2.1 holds.

Proof. Since we have local existence by Corollary 3.2, it is sufficient to show that
condition (12) is satisfied. It will follow from (13)
Take €y, €y, € so small that C'(e + e, +ex +4) =1 — 0 < 1. Then we have
¢ C C(e) C C
1)

¢ 2 Y 32 Y 2
Z(Uy) + 5Z(F)+ 5 o 5E(T) + 5E(T)

for t € J. Take v > 0 so small, that %73/2 < /4 and %72 < /4 and then
Up, F and e, so small that %Z(Uo) + %Z(F) + @83 < v/4 and E(0) < . Let
T, :=sup{T € J: E(t) <Vt e [0,T]}. Then E(t) < 2~ on [0,7}). Hence,
T, = Tynas by Corollary 3.2. O

B(T) <

Now we will prove six lemmas that together with Remark 4.9 give a proof of
Lemma 4.1.

Lemma 4.3 Let (A1) - (A6) hold and u € ﬂli:o C37k([0,Ty), H*(Q)) is a solution
to (IDE), (Cu). Then

[t (T3 + luze (T3 + Q(a, T, 4 (tz)ar) <
CZ(Up) + CZ(F) + CE(T)*? + C(e, + &) E(T). (14)

Proof. Multiply (IDE1) by ¥(uz)st = 9" (tz)Ugttize + ' (uz)uzet and integrate over
[0,1] x [0, T]. We obtain

T 1
[ b tulig = [ S50 )]+ o e dode =
r ! d 1 t / 2 1 /2 1 /01 2 1 ", 2 dzr dt
/(; /0 % |:2()0( » Ly U:cﬁ/’ (ux)umz] - 590151/) Upy — 590 1/} Uzt Uy + igow Uy Uxt AT
+ QT 0w + [ [ fotun)a
Hence,
1 1
2 /0 U () uiy (T) + @t @, uz )y (ug)uz, (T) dz + Q(a, T, ¢ (ug)) =
1 rt
3 | )+ (0.2 ) )~
r ! 1 3 1 /2 1 /1! 2 1 ", 2 d dt
/0 /0 sz) (ux)uxt - 590151/] Upy — 590 ¢ UgtUgy + 5901!) Up e Uzt + f¢(u$)ﬂft Z at.

Estimating 1" and ¢ on the left-hand side from bellow and the derivatives of ¢, v
on the right-hand side from above and using Holder and Young inequality we obtain
(14). O



Lemma 4.4 Let (A1) — (A6) hold and u € mi:o C37k([0,Ty), H*(Q)) is a solution
to (IDE), (Cu). Then

[ueee (T3 + Ilutae (T3 + lim fQ(a T, Aptp(ug)at) <
CZ(Uy) +CZ(F) + C(s)% + CE(T)(e + e, + €a) + CE(T)3? + CE(T)? (15)

Proof. Applying Ay, to (IDE1) we obtain (using Lemma 6.4)
t
Ahutt(t) = Ah@(tv T, ua:(t))x + / a(t, x,t— T)Ahw(ux)mt(T)dT + Ahf(t)
0

h t
—I—/ a(t+h, z,t+h—s)(uz) 4 (s) ds—I—/ [a(t+h, x, t—s)—a(t, z,t—$)|(uz)z(s+h) ds
0 0 16)

We multiply both sides by Ap (¢ (uz)q:) and integrate over [0, 1] x [0,77]. Denote the
six terms we obtain by I, ..., Is. We will compute the limits limy_.g h%Ij =: L;.
Let us start with the first term.

I = / / AR (g ) uge] Apugg, doz dt =
/ / AhUm)Q]t—%w”(uw)uxt [Aptge 2+ Ant (ug ) uge (t+R) Apuy, dz dt =
1 2 ! 1 / 2
- / 00 BT o — [ 3100 () )(0) d—
0 0
T 1 1
/ / ftb"(ux)umt[AhumP + Apt (ug)ug (t + h) Apug, dz dt
o Jo 2

After dividing by h? and taking the limit for 4 — 0 we obtain L; equal to

11
- /0 idjl(uw uttac / @Z’ uttw / / ¢ Ug “wtutm W/(U:c)]tutwuttw dz dt.
(17)

The second term in (16) gives

T 1
b= / / Aplpa(t, @, uz) + @' (t, 2, ug ) uze ] Ap[Y) (ug ) ugy ] do dt =
o Jo

/ / [Angalt, @, ws) 4 (£ 2, ) Antigs -+ Ang (F, @ty ) tima (1) A [ (1 etz)e dz
0 0
(18)

The most problematic term in (18) gives

T rl T rl
/ / (p/(t, x, um)AhummAh[w/(ux)umx]t dzxdt = / / (P/(ta x, um)Ahumxwl(uax)Ahuacmt"”
0 0
O (t, 2, ug) Aptgs Ap[" (ug)uZ,] + @' (t, 2, 1) Aptias At (ug )tiges (t + h) dzdt  (19)



Here the first term on the right-hand side is

/ / t xz, um ( m)(Ahux:c)Q]t_

2[@ (t, @, ug) Y ()]t (Apes)® do dt =

[[3ena it
31 ) ) () /

After taking the limit

"(t, @, ug )Y (u w)(Ahum)g](T) dz—

% (t, @, uz) 9 ()| (Antize)? da dt

\ l\DM—'

1 1
| 51 k(0 = [ 5w () )(0) da-

// O (t, z,uz ) (um)]tutm)zdxdt (20)

The remaining terms on the right-hand side in (19) give

/ / (t, @, U ) Appe AR [0 (g )u2,] 4+ @' (t, 2, 1z ) Ap e Apt) (Ug )tget (t + h) da dt

and the limit is
T 1
/ / @/(ta €, uz)utmc [¢/,(um)u§x]t + Sol(ta z, uz)utl‘xw”(u:p)utzut:ﬁx dzdt =
0 0

/ / Sol(tv x, um)utzx W)W(Uac)ut:vuix+¢/,(ux)2uzzutxw]+90/(t7 z, Ua:)ut:r:pﬂ)”(ux)utzutxw dxdt
0 0
(21)

Taking the limit in the remaining terms of (18) we obtain

1
/ / [Ana(t, 7, 112) + And (£, 2, 1t (£ + 1] - An [t (102 ) t1gnt] e It =
/ / Ap[Anpz(t,x,uz) + Ap@' (t, 2, ug gy (t+ h)] (ug ) Uper dz dt+
T+h
( / / ’ > / [Appz(t, @, ug) + Ap' (2, ug ) uge (t + h)]W (Ug )t A di.
Taking the limit we have
T ,1
- / / H‘Pl‘(ta €, uﬂ?)]t + [(pl(tv Z, ux)]tuaxc]twl(u:c)uzzt dz dt—
o Jo
1
| ettt + () s (0 (0

1
/0 (Pt 2 12))e + (& (b, 2, 100) ) tta (1 1ty (T) i (22)



Hence,
Loy = (20) + (21) + (22).

The third term in (16) is I3 = Q(a, T, Aptp(ug)at), taking limsup we have
hm sup 2 Q(a T, Ahw(um)xt) (23)

The fourth term in (16) yields

Iy —/ / Athh[¢ (’u,gg)uzxt dl’dt Ahf ux)umt dx dt+

)y
< / /+)/ Ap [t (s )ugar dz dt

and the limit is

T 1 1 1
Ly 2/0 /0 St (g )ugat dz dt+/0 [ (g ) gt (T) de dt—/o Fot (ug e (0) da dt.

(24)
In the fifth and sixth term in (16) we need to move A from 9'(uy)y to the
integral term

h
/ a(t+ by, t+ b — )0 (u)ee () ds
0
resp.

/0 [a(t + h,z,t —s) — a(t,x,t — s)](ug)zt(s + h)ds

In the fifth term we obtain (using Lemma 6.3)

T M ph
B A o T/T ! z ) Uz
I /0 /0 /0 pa(t+ h,x,t+h — $)(ug)zt(s) ds( (ug)ugy ) da dt+

(_ /Oh + /TT+h) /01 /Oh a(t + h,z,t + h — 8)(ug) o (s) ds(v (g ) ugs )¢ dz dt

Taking the limit we have

T 1
Ls = /0 /0 (ar + as)(t, 2, 1) (ug) 2 (0) (V' (Ug ) Ugy ) dz dt+

1 1
/0a(T,1’,T)w(uz)m(o)(W(ux)um)t(T)d:c/0 a(0,z,0) (g )t (0) (¥ (s ) tzz )¢ (0) da.
(25)

The sixth term gives (with help of Lemma 6.3)

Is = / / Ay [/ (t+h,o,t—5s) —a(t,z,t — 8)|t(uz)ee(s + h)ds| (¥ (ug)ugs ) do dt+
< / / T+h) / (t+h, z, t=s)—a(t, ,t=8)](tx)at (s1h) ds(' (ua)uae ) dz di

10



and taking the limit we have

b _/ / [/ (8,2, ¢ = 5)(tz)at (s) ds]t (¥ (U )t )¢ A b+
/0 /0 ay(Ty 2, T — 8)p(uz )zt (8) ds( (ug)uge ) (T) dx (26)

Since the limit exists in all terms except the one with @, the limsup in (23) must be
in fact a limit and putting (17), (20), (21), (22), (23), (24), (25), (26) together, we
obtain

1
[ 5 ) [ 516 e () iy QU T b))
= [ 30+ [ 316 )0 da
b [ ettt ) (0)
0

1
+ /0 Jo(0 (2 )1t (0)

1
/ (Pt 2,2t + (&t 2, 14 rttza) (8 (11 Yt )e (T)
/ ft uz ux:c dx‘f‘/ / t x uz ux)]tutm dx dt
_/0 /0 2 (t z ux)uta:x[w (u:t)utxuxa;+¢,l(ux)2uxwutxx]‘HP (taxaUz)utxxw”(ux)utxutxx dz dt
T ! 1 Vi 2 /
—/0 /0 ?ﬁ (Ug)Upttzy, + [V (Ug)]pUtz Uty dx di
T 1
T /0 [ ot + (66 ulesale (0 stz do
T 1 T 1
_/ / ftt(1/1’(uz)um)tdxdt—/ / (at—i—as)(t,a:,t)l/J(ux)zt(O)(l//(uz)um)tdxdt
0 0 0 0
1 1
- /0 (T, 2, T)ep (112 2 (0) (8 (11 Yt ) (T) -t / 0(0, 2, 0)1) (112 (0) (& (111t )o(0) it
/ / { / an(ts .t — $b(atg ) (s) ds]tw/(ux)um)tdmdt

- /0 /0 (T, 2, T — )0 (1) ar(5) d5( (112 )t )o (T

Here the left-hand side larger or equal to

1 .1
7cz2bHutzz(T) H% + }Lli)% ﬁQ(au T7 Ahw(u:c)zt)

1
—cyllusa(T)I5 + 5

2

11



and the terms on the right-hand side are by Holder inequality less or equal to

%Z(Uo) + %Csz(Uo) + Z(Cy)Z(Uo) + FoZ(Uy)
+ (2 2p0(T) + 2o (T) + Cyr(T)) 8t e (T) |3
+ F(ua)an(T) 2 + 5 (€6Cy + CrT) + CooT)) e B
+ O3ATY + 30T (e 3 + s )
SO s 3+ CorT) s ol

(20 + VED) (26, + 20 + 8 + 2 + UT)(p + 224 + 2Cy) + Cyr*(T) ) 19 (u2)atl
+ Fllo(ua)atll2 + ll(ar + as) (¢, 2, )22 (Uo) |1 (va)at | 2
+la(T, -, T) |20 Uoll¢ ()t (T) |2
+ [la(0, -, 0)[|2Z (Vo)
+ (e )atl3(lae(-, - 0)lloo + llawe + astll | ree)
+ 19 (ua)at |2l ¢ (wa)at (T) |2l @ (T, -, T = )|l 11 £oe
Since [1(uz)zt|3, [ (ug)ee(T)|3 < E(T) and v(T) < /E(T) and by Young inequality

we have

1 1 . 1
§CwHUttx(T)H% + §CiHutm(T)H§ + lim ﬁQ(a, T, Aptp(ug)at) <

CZ(Uy) + CZ(F) + VE(T)(ey + Ceyp + 2)+
E(T)(564‘2899"—26@'{'5@‘}‘28@4—||6Lt(', ‘ 0) HOO—i_Hatt—i_aStHLtl’ngo+Hat(T7 Y T—) ||L§Lg°)+
CE(T)** + CE(T)?

Applying Young inequality to the third term on the right-hand side and using the
definition of €, and €, we obtain (15). O

Lemma 4.5 Let (A1) - (A6) hold and u € ﬂli:o C37k([0,Ty), H*(Q)) is a solution
to (IDE), (Cu). Then

utea (T3 + [[ttze (T3 + e (T3 + [[tiae(T]]3 + [tiel; <
CZ(Ug) + CZ(F) + C(e)el + CE(T) (e + €, + €4) + CE(T)*? + CE(T)* (27)

Proof. This estimate follows immediately summing the estimates (14) and (15) and
applying Lemma 6.1. g

Lemma 4.6 Let (A1) — (A6) hold and u € ﬂi:o C37k([0,Ty), H*(Q)) is a solution
to (IDE), (Cu). Then

e (D)5 + lueee(T) I3 + lJuseell3 <
CZ(Up) + CZ(F) + C(e)e + CE(T)(e + e, + £4) + CE(T)*? + CE(T)?
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Proof. Taking L?-norms in (IDE) we have

lure(0)][3 < Clluza ()3 + /Ot las(t, - t = 8)[l2ll¥ (we(s5))taal20ds + g(t)]13,
hence,
lue ()13 < Clluaa(®)13 + llas(t, -t = Y1123 max [uae(s) ]2 + Z(F) + Z(Uo), (28)
Differentiating (IDE) with respect to ¢ we obtain
upr = (X(t, Ty Ug ) Upg )t + as(t, x,0)0(Uug)x+

t
/ (att + ats)(ta x7t - 3)¢(Ux(3))zd3 + gt- (29)
0
Taking L?-norm we have

lueee (13 < 1Ixe(t, -, wa)lloo iz (13 + 11X (8) oo (£)? utaa (£) 15+
IXlloo izt ()13 + llas(t, -, 0)lloo lltaw (£) |13+
(s + ase)(t, 2t — 8)| oo 23 max[|uga ()13 + [l (D3 (30)

If we integrate the squared equation (29) over [0,7] we obtain

learel3 < el o max () 3+ 1 g 1o i () et (5) 3+
oot 3 + s 8, - O)l o i (1) -+
s + a)alt, 2.t — 5)l| e s, max fuae ()3 + Z(Up) + Z(F). (31)

Since all the terms on the right-hand sides in (28), (30), (31) are estimated in previous
lemmas, the assertion follows. O

Lemma 4.7 Let (A1) ~ (A6) hold and u € (;_, C*>*([0,T1), H*(Q)) is a solution
to (IDE), (Cu). Then

|luea(T) 3 < CZ(Uo)+CZ(F)+C(e)el + CE(T)(e+ey+ea) + CE(T)**+ CE(T)?

Proof. Using difference operators one can derive the following “integration by parts

formula”
T 1 T 1 1 1
2
/ / Ugpy = / / Uttt Utzz + / Utgz Ut (0) — / Utz (T).
0 0 0 0 0 0

The assertion then easily follows using Young inequality and previous estimates.
O
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Lemma 4.8 Let (A1) — (A6) hold and u € ni:o C37k([0,Ty), H*(Q)) is a solution
to (IDE), (Cu). Then

CZ(Up) + CZ(F) + Cle)el + CE(T) (e + ey + ey +€a) + CE(T)*/? + CE(T)?
(32)

Proof. Rewrite (IDE) in the form
0,000tz + [ 00,0, = )0/ O)ze(s) s = Gi1,2), (33)
where
G = uu—g—(x(t, x,ux)_X(O)070))uxx_/(]t[as(tv @, t—5)1 (ur)—as(0,0,t—5)1"(0)]uza (s) ds.
By Lemma 3.2 in [4] there exists a resolvent kernel k € L'(0, +oc0) for (33) and
X(0,0,0)uz(t,x) = G(t,z) + /Ot k(t — s)G(s,x)ds. (34)
Differentiating with respect to = yields
X(0,0,0)ttagn () = utre — 9o — (X(t, 2, uz) = X(0,0,0))thzgr—
X (t, T, Ug ) Uge—X (t, 2, uz)uiw—/ot[as(t,x,t—s)w’(uz)—as(o, 0,t—5)¢" (0)]tgaz (s) ds—
/Ot[azs(t, z,t — 8) (ug) + as(t, z, t — 8)Y" (Ug)Ugz)uzz(s)ds  (35)
Squaring this equation and integrating over €2 yields
X2(0,0,0)||uzze (1)][3 < C(llurta )13+ g2 () 5+ (X (£, 2, 12) =X (0, 0, 0)) 3otz () 5+
exE()+ / las(t, - t=5)¢' (ua(s, )= as(0,0, t=5)¢' (0)|3, ds max [|uzee (s)|3+
/0 et .t — YU (1) + a2, — S0 (1t e s sz ()3
Hence, since
()= x(0,0.0) % and [ las(t, = 50 (a5, ))—as(0,0, 1 — ) (O] |2 di
are bounded by ¢, and ¢,, we have

X2(0, 0, O)”wax(t)ng <

Cllurta O3 + g2 (O3 + (ex + €a) E(E) + v()* E(t) + max [[uga(s)]3).

14



Integration of (35) over [0, 7] yields

X%(0,0,0)||uzze |3 < O(llustall3 + llg2lI3+
(i) = x(0,0,0)72 10 max tigwa (5[5 + ex (1) + v()*E(t)+

I
T t
L Mottt = 900 s (9) = 0,0, = )3 (O] st ma s ()]
/T /t |asz(t, z,t — 5)¢/(U1‘) +as(t,z,t — 5)¢//(Ux)um”go ds dt max HUM(S)Hg’
o Jo s

hence,

E(0,0,0) a3 < Clluial + 1921 + £ B + (02 E(E) + 510 [tza(5) 1)
Finally, squaring and integrating (34) we obtain
X(0,0,0) e 3 < O3+ lgl3+ 10 1)~ x(0,0,0)) 2 o mae ()] 3+
ottt 536t ) = 00,0, = 08 ) st ms e ()13

The assertion follows from this estimate and the estimates proved in the previous
lemmas. O

Remark 4.9 The derivatives of u of lower order can be easily estimated by the
derivatives of higher order and the Poincaré inequality.

5 Proofs of the main results

Let us mention that if x, a, g and wug satisfy (A1) — (A6), then also ¢ satisfies the
regularity condition in (A1) and f satisfies (A4). Further, it is sufficient to assume
that x(¢,2,0) > 0 and x(¢,2,0) — a(t,z,0)1'(0) > 0 and we obtain the lower bound
for x, ¢, ¥ in (A1) if the set B is small enough. Moreover, if Uy(ug,u;) is small and
F(f) is small, then F(g) is also small, i.e. F(g) < Z(F(f),Up), Z continuous and
Z(0,0) = 0. We can also estimate

£p < ey +Cy max {ay, ag, Gre, agt, agee }(t, ,0).
teJ,xed

If a is of the form a(t,x,t — s) = k(c(t,x),t — s), then we have
ea < Z(ee),

where Z is continuous with Z(0) = 0 (depending only on [|k||c2(«.7)) and

e 1= ngangX{Ct, Cas Ctas Cit Ctar } (£, T) + / |Cu ()] + |e(t)] dt
, J

15



with &(t) := max, c(t,z). Further, if €. is small or ¥/, k", k" are small, then e, is
small, provided ¢, is small and (A2’) holds.
Proof.]oF THEOREM 2.2] The second equation of (1) has a solution ¢ € Cif(R4 x )
with ¢, ¢y € LY(J, L>®(€2)). Then (A2) is satisfied and by the considerations above.
The assumption (A1) holds if B is sufficiently small and assumptions (A3), (A6)
follow from (A3’), (A6’) respectively.

Moreover, if Cy(cp) is small, then €. is small and therefore ¢, is small and also ¢,
is small (since €, is small). Therefore, the assumptions of Theorem 4.2 are satisfied
and the assertion of Theorem 2.2 follows from Theorem 4.2. O

Proof.[of Theorem 2.1] To show that Theorem 2.1 holds without smallness assump-
tions on the kernel a, we first observe (from the definition of ¢,) that J can be covered
by finitely many half-open subintervals Jy, ..., J, that overlap a little and such that
€q < 1/C on each of them.

We would like to solve the equation on each of the intervals J; separately and
glue the solutions together. Let u’ be a solution on J* := U;;ll J;j and J; = [T;,.5;)
with T; € J% Since u'(T;) satisfies (A3) and (A5), it can be taken as a new initial
value. Let us reformulate the equation (IDE) for u(t, z) := u(t + T3, z). We obtain

t
ﬁtt = X<t7 z, ﬁl‘)afc:c + / ds(tv z, t— S)lb(az(*s’))xds + g? (IDEI)
0

where x(t,z,2) = x(t + T}, x, 2), a(t, z, s) := a(t + T;, z, s) and

T;
Gt ) = g(t+n)+/0 a(t, 7t — 8)(u(s, 7))s ds.

Since the new data x, a, ¢ satisfy (A1) — (A6) and g; < 1/C, there exists a solution
to (IDEi) on J? provided

Ul(ag,u1) + F(g) + €p + Ex (36)

is sufficiently small. Continuing the solution u’ by @ we obtain a solution on U;zl Jj
and by induction we obtain a solution on J. It remains to show that we can guarantee
that (36) is small enough in each step.

There is no problem with €5, . We can simply assume these quantities to be
small on the whole J. However, g, %; and g depend on the solution on the previous
interval, so we have to be more careful. We will start from the last interval J,. and go
through the same scheme as in the proof of Theorem 4.2 and proceed to J,_1, Jr_2,

coy Je.

We will denote the data on J, by g¢", uf, u]. We remind that uf, = u"~1(T,),
uf = uiH(T,) and

Ty
g (ta) =gt + T+ [ altizt =)o (s.). ds.
0
To obtain a solution on J" we want g", ug, u] to be small enough. We will show that

Uo(ug,ui) + F(g") +ep tex <", E(T;) <" (37)
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follows from
Up(ug Hui )+ F(g N 4ep+ey<p™',  B(Tq) <y (38)

for appropriate u"~1, 47! (provided €y, €y are small enough).i
Let us go to J,_1. Take v such that v < 4", v < p"/4 and F" < u" /4, where

F7:=sup{F(g") : w is such that E(T,) < v}.
Further, we take v so small that %73/2 < 7/4 and %72 < v/4. Now, take u"~! such

that
2+ Sz + 99 <4 (39)

and set 7"~ 1= /4.

Let u be a solution on [0,7,_1] with E(T,_1) < 4"~!. Like in the proof of
Theorem 4.2, (38), (39) and the other conditions on v yield E(t) < 3+ for the
solution u, on [0, — T,_1]. If u" is the continuation of u by wu,, then we have
E(T,) < E(T,_1) + 2y < v < 4" and we have the second estimate in (37). Further
we have

Uo(up,ul) + F(g") < B(T,) + F" < — +

proop
44
and we have the first estimate in (37).
Applying the implication (38) = (37) inductively, we obtain !, 4!. Since E(T}) =
E(0) < Z(F,Uy), we obtain that existence of a solution on J is gueranteed by (8)
U

and Theorem 2.1 is proved.

6 Appendix

Lemma 6.1 Let k: J x Q x J — R be of strong positive type. Then there exists
¢ > 0 such that for all T > 0 and w € C([0,T], L*(I)) the following inequality holds

! 1
/ |w(s)||3ds < ¢ <Hw(0)|]% + Q(k,t,w) + liminf —Q(k, ¢, Ahw)> (40)
0 N0 h?
for allt €[0,T).
Proof. Lemma 2.5 in [5] gives the result for convolution kernels independent of z.
In particular (40) holds if we replace k by e(t,z,t — s) := e!~%. Since k is of strong
positive type, we have Q(k,t,w) > c1Q(e,t,w) and Q(k,t, Apw) > c1Q(e, t, Ajw)
and the proof is complete. O

We formulate three lemmas for working with difference operators. Their proofs
are easy.

Lemma 6.2 Let f, w € C(J). Then for every T € (0, Tinaz) and h small enough it
holds that

/OTf(t)Ahw(t) dt = —/OT Apf(tw(t + h) dt + (/TT+h_/Oh> FHw(t) dt.
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Lemma 6.3 Let w € C(J), a € C(J x J). Then for every T € (0,Tinaz) and h
small enough it holds that

T rh T rh
/ / a(t+h,t+h—s)w(s) dsApw(t) dt = —/ / Apa(t+h, t+h—s)w(s) dsw(t+h) dt+
0 0 0

0

(/TT+h ) /Dh> /Oh a(t + h,t +h — s)w(s) dsw(t) dt.

Lemma 6.4 Leta € C*(J x J), w € C(J). Then

t h
Ah/o a(t,t — s)w(s) ds = /0 a(t + h,t+h — s)w(s)+

7

/t[a(t +h,t—s)—a(t,t — s)|w(s+ h)ds+ /t a(t,t — s)Apw(s)ds.
0 0
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